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Abstract 

The quantum gravity is formulated based on gauge principle. The model 
discussed in this paper has local gravitational gauge symmetry and gravita- 
tional field is represented by gauge potential. A preliminary study on gravi- 
tational gauge group is presented. Path integral quantization of the theory is 
discussed in the paper. A strict proof on the renormalizability of the theory 
is also given. In leading order approximation, the gravitational gauge field 
theory gives out classical Newton's theory of gravity. It can also give out an 
Einstein-like field equation with cosmological term. The prediction for cos- 
mological constant given by this model is well consistent with experimental 
results. For classical tests, it gives out the same theoretical predictions as 
those of general relativity. Combining cosmological principle with the field 
equation of gravitational gauge field, we can also set up a cosmological model 
which is consistent with recent observations. 
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1 Introduction 



In 1686, Isaac Newton published his book MATHEMATICAL PRINCIPLES OF 
NATURAL PHILOSOPHY. In this book, through studying the motion of planet 
in solar system, he found that gravity obeys the inverse square law and the magni- 
tude of gravity is proportional to the mass of the object |]l|]. The Newton's classical 
theory of gravity is kept unchanged until 1916. At that year, Einstein proposed 
General Relativity |^ ^. In this great work, he founded a relativistic theory on 
gravity, which is based on principle of general relativity and equivalence principle. 
Newton's classical theory for gravity appears as a classical limit of general relativity. 

One of the biggest revolution in human kind in the last century is the foundation 
of quantum theory. The quantum hypothesis was first introduced into physics by 
Max Plank in 1900. In 1916, Albert Einstein points out that quantum effects must 
lead to modifications in the theory of general relativity Soon after the founda- 
tion of quantum mechanics, physicists try to found a theory that could describe the 
quantum behavior of the full gravitational field. In the 70 years attempts, physi- 
cists have found two theories based on quantum mechanics that attempt to unify 
general relativity and quantum mechanics, one is canonical quantum gravity and an- 
other is superstring theory. But for quantum field theory, there are different kinds 
of mathematical infinities that naturally occur in quantum descriptions of fields. 
These infinities should be removed by the technique of perturbative renormaliza- 
tion. However, the perturbative renormalization does not work for the quantization 
of Einstein's theory of gravity, especially in canonical quantum gravity. In super- 
string theory, in order to make perturbative renormalization to work, physicists have 
to introduce six extra dimensions. But up to now, none of the extra dimensions have 
been observed. To found a consistent theory that can unify general relativity and 
quantum mechanics is a long dream for physicists. 

The "relativity revolution" and the "quantum revolution" are among the greatest 
successes of twentieth century physics, yet two theories appears to be fundamentally 
incompatible. General relativity remains a purely classical theory which describes 
the geometry of space and time as smooth and continuous, on the contrary, quan- 
tum mechanics divides everything into discrete quanta. The underlying theoretical 
incompatibility between two theories arises from the way that they treat the geom- 
etry of space and time. This situation makes some physicists still wonder whether 
quantum theory is a truly fundamental theory of Nature, or just a convenient de- 
scription of some aspects of the microscopic world. Some physicists even consider 
the twentieth century as the century of the incomplete revolution. To set up a con- 
sistent quantum theory of gravity is considered to be the last challenge of quantum 
theory^, |^. In other words, combining general relativity with quantum mechanics 
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is considered to be the last hurdle to be overcome in the "quantum revolution". 



In 1921, H.Weyl introduced the concept of gauge transformation into physics[^, 
H , which is one of the most important concepts in modern physics, though his origi- 
nal theory is not successful. Later, V.Fock, H.Weyl and W.Pauli found that quantum 
electrodynamics is a gauge invariant theory |P, |10|, In 1954, Yang and Mills pro- 
posed non-Abel gauge field theory [p!2|. This theory was soon applied to elementary 
particle physics. Unified electroweak theory |ll3|, [l^, ^ and quantum chromody- 
namics are all based on gauge field theory. The predictions of unified electroweak 
theory have been confirmed in a large number of experiments, and the intermediate 
gauge bosons and which are predicted by unified electroweak model are also 
found in experiments. The U{1) part of the unified electroweak model, quantum 
electrodynamics, now become one of the most accurate and best-tested theories of 
modern physics. All these achievements of gauge field theories suggest that gauge 
field theory is a fundamental theory that describes fundamental interactions. Now, 
it is generally believed that four kinds of fundamental interactions in Nature are all 
gauge interactions and they can be described by gauge field theory. From theoret- 
ical point of view, the principle of local gauge invariance plays a fundamental role 
in particle's interaction theory. 



Gauge treatment of gravity was suggested immediately after the gauge theory 
birth itself |]16|, |l^ |l^]. In the traditional gauge treatment of gravity, Lorentz group is 



localized, and the gravitational field is not represented by gauge potential |T9|, ^ 
It is represented by metric field. The theory has beautiful mathematical forms, but 
up to now, its renormalizability is not proved. In other words, it is convention- 
ally considered to be non-renormalizable. There is also some other attempts to use 
Yang-Mills theory to reformulate quantum gravity ^ ^ ^ In these new 
approaches, the importance of gauge fields is emphasized. Some physicists also try 
to use gauge potential to represent gravitational field, some suggest that we should 
pay more attention on translation group. 



I will not talk too much on the history of quantum gravity and the incompati- 
bilities between quantum mechanics and general relativity here. Materials on these 
subject can be widely found in literatures. Now we want to ask that, except for tra- 
ditional canonical quantum gravity and superstring theory, whether exists another 
approach to set up a fundamental theory, in which general relativity and quantum 
mechanics are compatible. 



In literatures [27, 28, 25 



a new formulation of quantum gauge theory of gravity 
is proposed By N.Wu. In this new attempt, the quantum gravity is based on gauge 
principle, which is a renormalizable quantum theory. In literature p8[, another 
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model, which uses different selections of ri2 and J{C), is discussed. In this paper, we 
will give a systematic formulation of the model which is discussed in literature p8| 



The path integral quantization of the theory and the proof the renormalizability of 
the theory are discussed. Because the selections of the Lagragian are different, the 
proof on the renormalizability of the theory is different from that of the model in 
literature [p^ . 



As we have mentioned above, gauge field theory provides a fundamental tool to 
study fundamental interactions. In this paper, we will use this tool to study quan- 
tum gravity. We will use a completely new language to express the quantum theory 
of gravity. In order to do this, we first need to introduce some transcendental foun- 
dations of this new theory, which is the most important thing to formulate the whole 
theory. Then we will discuss a new kind of non-Abel gauge group, which will be the 
fundamental symmetry of quantum gravity. For the sake of simplicity, we call this 
group gravitational gauge group. After that, we will construct a Lagrangian which 
has local gravitational gauge symmetry. In this Lagrangian, gravitational field ap- 
pears as the gauge field of the gravitational gauge symmetry. Then we will discuss 
the gravitational interactions between scalar field (or Dirac field or vector field ) 
and gravitational field. Just as what Albert Einstein had ever said in 1916 that 
quantum effects must lead to modifications in the theory of general relativity, there 
are indeed quantum modifications in this new quantum gauge theory of gravity. In 
other words, the local gravitational gauge symmetry requires some additional inter- 
action terms other than those given by general relativity. This new quantum theory 
of gravity can even give out an exact relationship between gravitational fields and 
space-time metric in generally relativity. The classical limit of this new quantum 
theory will give out classical Newton's theory of gravity and general relativity. In 
other words, the leading order approximation of the new theory gives out classical 
Newton's theory of gravity. It can also give out the Einstein's field equation with 
cosmological contant. A rough estimation shows that the theoretical expectation of 
cosmological contant is of the order of 10~^^m~^, which is well consistent with ex- 
perimental results. For classical tests, it gives out the same theoretical predictions 
as those of general relativity. Then we will discuss quantization of gravitational 
gauge field. Something most important is that this new quantum theory of gravity 
is a renormalizable theory. A formal strict proof on the renormalizability of this 
new quantum theory of gravity is given in this paper. I hope that the effort made 
in this paper will be beneficial to our understanding on the quantum aspects of 
gravitational field. The relationship between this new quantum theory of gravity 
and traditional canonical quantum gravity or superstring theory is not study now, 
and I hope that this work will be done in the near future. Because the new quantum 
theory of gravity is logically independent of traditional quantum gravity, we need 
not discuss traditional quantum gravity first. Anyone who is familiar with tradi- 
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tional non-Abel gauge field theory can understand the whole paper. In other words, 
readers who never study anything on traditional quantum gravity can understand 
this new quantum theory of gravity. 



2 The Transcendental Foundations 

It is known that action principle is one of the most important fundamental principle 
in quantum field theory. Action principle says that any quantum system is described 
by an action. The action of the system contains all interaction information, contains 
all information of the fundamental dynamics. The least of the action gives out the 
classical equation of motion of a field. Action principle is widely used in quantum 
field theory. We will accept it as one of the most fundamental principles in this new 
quantum theory of gravity. The rationality of action principle will not be discussed 
here, but it is well know that the rationality of the action principle has already been 
tested by a huge amount of experiments. However, this principle is not a special 
principle for quantum gravity, it is a ubiquitous principle in quantum field theory. 
Quantum gravity discussed in this paper is a kind of quantum field theory, it's nat- 
urally to accept action principle as one of its fundamental principles. 

We need a special fundamental principle to introduce quantum gravitational field, 
which should be the foundation of all kinds of fundamental interactions in Nature. 
This special principle is gauge principle. In order to introduce this important princi- 
ple, let's first study some fundamental laws in some fundamental interactions other 
than gravitational interactions. We know that, except for gravitational interactions, 
there are strong interactions, electromagnetic interactions and weak interactions, 
which are described by quantum chromodynamics, quantum electrodynamics and 
unified electroweak theory respectively. Let's study these three fundamental inter- 
actions one by one. 

Quantum electrodynamics (QED) is one of the most successful theory in physics 

which has been tested by most accurate experiments. Let's study some logic in QED. 
It is know that QED theory has U{1) gauge symmetry. According to Noether's 
theorem, there is a conserved charge corresponding to the global U{1) gauge trans- 
formations. This conserved charge is just the ordinary electric charge. On the other 
hand, in order to keep local U{1) gauge symmetry of the system, we had to introduce 
a U{1) gauge field, which transmits electromagnetic interactions. This U{1) gauge 
field is just the well- know electromagnetic field. The electromagnetic interactions 
between charged particles and the dynamics of electromagnetic field are completely 
determined by the requirement of local U{1) gauge symmetry. The source of this 
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electromagnetic field is just the conserved charge which is given by Noether's theo- 
rem. After quantization of the field, this conserved charge becomes the generator of 
the quantum U{1) gauge transformations. The quantum U{1) gauge transformation 
has only one generator, it has no generator other than the quantum electric charge. 

Quantum chromodynamics (QCD) is a prospective fundamental theory for strong 
interactions. QCD theory has SU{3) gauge symmetry. The global SU (3) gauge sym- 
metry of the system gives out conserved charges of the theory, which are usually 
called color charges. The local SU{3) gauge symmetry of the system requires in- 
troduction of a set of SU{3) non-Abel gauge fields, and the dynamics of non-Abel 
gauge fields and the strong interactions between color charged particles and gauge 
fields are completely determined by the requirement of local SU (3) gauge symmetry 
of the system. These SU{3) non-Abel gauge fields are usually call gluon fields. The 
sources of gluon fields are color charges. After quantization, these color charges 
become generators of quantum SU{3) gauge transformation. Something which is 
different from U{1) Abel gauge symmetry is that gauge fields themselves carry color 
charges. 

Unified electrowcak model is the fundamental theory for clcctrowcak interac- 
tions. Unified electroweak model is usually called the standard model. It has 
SU{2)l X U{1)y symmetry. The global SU{2)l x U{\)y gauge symmetry of the 
system also gives out conserved charges of the system. The requirement of local 
SU{2)l X U{1)y gauge symmetry needs introducing a set of SU{2) non-Abel gauge 
fields and one U{1) Abel gauge field. These gauge fields transmit weak interactions 
and electromagnetic interactions, which correspond to intermediate gauge bosons 
W^, and photon. The sources of these gauge fields are just the conserved Noether 
charges. After quantization, these conserved charges become generators of quantum 
SU{2)l X U{1)y gauge transformation. 

QED, QCD and the standard model are three fundamental theories of three 
kinds of fundamental interactions. Now we want to summarize some fundamental 
laws of Nature on interactions. Let's first ruminate over above discussions. Then we 
will find that our formulations on three different fundamental interaction theories 
are almost completely the same, that is the global gauge symmetry of the system 
gives out conserved Noether charges, in order to keep local gauge symmetry of the 
system, we have to introduce gauge field or a set of gauge fields, these gauge fields 
transmit interactions, and the source of these gauge fields are the conserved charges 
and these conserved Noether charges become generators of quantum gauge transfor- 
mations after quantization. These will be the main content of gauge principle. 

Before we formulate gauge principle formally, we need to study something more 
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on symmetry. It is know that not all symmetries can be localized, and not all sym- 
metries can be regarded as gauge symmetries and have corresponding gauge fields. 
For example, time reversal symmetry, space refiection symmetry, • • • are those kinds 
of symmetries. Wc can not find any gauge fields or interactions which correspond 
to these symmetries. It suggests that symmetries can be divided into two different 
classes in nature. Gauge symmetry is a special kind of symmetry which has the fol- 
lowing properties: 1) it can be localized; 2) it has some conserved charges related to 
it; 3) it has a kind of interactions related to it; 4) it is usually a continuous symme- 
try. This symmetry can completely determine the dynamical behavior of a kind of 
fundamental interactions. For the sake of simplicity, we call this kind of symmetry 
dynamical symmetry or gauge symmetry. Any kind of fundamental interactions has 
a gauge symmetry corresponding to it. In QED, the U{1) symmetry is a gauge sym- 
metry, in QCD, the color SU{3) symmetry is a gauge symmetry and in the standard 
model, the SU{2)l x U(1)y symmetry is also a gauge symmetry. The gravitational 
gauge symmetry which we will discuss below is also a kind of gauge symmetry. The 
time reversal symmetry and space refiection symmetry are not gauge symmetries. 
Those global symmetries which can not be localized are not gauge symmetries ei- 
ther. Gauge symmetry is a fundamental concept for gauge principle. 

Gauge principle can be formulated as follows: Any kind of fundamental inter- 
actions has a gauge symmetry corresponding to it; the gauge symmetry completely 
determines the forms of interactions. In principle, the gauge principle has the fol- 
lowing four different contents: 

1. Conservation Law: the global gauge symmetry gives out conserved current 
and conserved charge; 

2. Interactions: the requirement of the local gauge symmetry requires intro- 
duction of gauge field or a set of gauge fields; the interactions between gauge 
fields and matter fields are completely determined by the requirement of local 
gauge symmetry; these gauge fields transmit the corresponding interactions; 

3. Source: qualitative speaking, the conserved charge given by global gauge 
symmetry is the source of gauge field; for non-Abel gauge field, gauge field is 
also the source of itself; 

4. Quantum Transformation: the conserved charges given by global gauge 
symmetry become generators of quantum gauge transformation after quanti- 
zation, and for this kind of of interactions, the quantum transformation can 
not have generators other than quantum conserved charges given by global 
gauge symmetry. 

It is known that conservation law is the objective origin of gauge symmetry, so 
gauge symmetry is the exterior exhibition of the interior conservation law. The 
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conservation law is the law that exists in fundamental interactions, so fundamen- 
tal interactions are the logic precondition and foundation of the conservation law. 
Gauge principle tells us how to study conservation law and fundamental interactions 
through symmetry. Gauge principle is one of the most important transcendental fun- 
damental principles for all kinds of fundamental interactions in Nature; it reveals 
the common nature of all kinds of fundamental interactions in Nature. It is also the 
transcendental foundation of the quantum gravity which is formulated in this paper. 
It will help us to select the gauge symmetry for quantum gravitational theory and 
help us to determine the Lagrangian of the system. In a meaning, we can say that 
without gauge principle, we can not set up this new renormalizable quantum gauge 
theory of gravity. 

Another transcendental principle that widely used in quantum field theory is the 
microscopic causality principle. The central idea of the causality principle is that 
any changes in the objective world have their causation. Quantum field theory is 
a relativistic theory. It is know that, in the special theory of relativity, the limit 
spread speed is the speed of light. It means that, in a definite reference system, the 
limit spread speed of the causation of some changes is the speed of light. Therefore, 
the special theory of relativity exclude the possibility of the existence of any kinds 
of non-local interactions in a fundamental theory. Quantum field theory inherits 
this basic idea and calls it the microscopic causality principle. There are several 
expressions of the microscopic causality principle in quantum field theory. One 
expression say that two events which happen at the same time but in different space 
position are two independent events. The mathematical formulation for microscopic 
causality principle is that 

[o,{x,t) , O2(y,t)] = o, (2.1) 

when x^y . In the above relation, Oi{x^t) and 02{y,t) are two different arbitrary 
local bosonic operators. Another important expression of the microscopic causality 
principle is that, in the Lagrangian of a fundamental theory, all operators appear 
in the same point of space-time. Gravitational interactions are a kind of physical 
interactions, the fundamental theory of gravity should also obey microscopic causal- 
ity principle. This requirement is realized in the construction of the Lagrangian for 
gravity. We will require that all field operators in the Lagrangian should be at the 
same point of space-time. 

Because quantum field theory is a kind of relativistic theory, it should obey 
some fundamental principles of the special theory of relativity, such as principle of 
special relativity and principle of invariance of light speed. These two principles 
conventionally exhibit themselves through Lorentz invariance. So, in constructing 
the Lagrangian of the quantum theory of gravity, we require that it should have 
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Lorentz invariance. This is also a transcendental requirement for the quantum the- 
ory of gravity. But what we treat here that is different from that of general relativity 
is that we do not localize Lorentz transformation. Because gauge principle forbids 
us to localize Lorentz transformation, asks us only to localize gravitational gauge 
transformation. We will discuss this topic in details later. However, it is important 
to remember that global Lorentz invariance of the Lagrangian is a fundamental re- 
quirement. The requirement of global Lorentz invariance can also be treated as a 
transcendental principle of the quantum theory of gravity. 

It is well-known that two transcendental principles of general relativity are prin- 
ciple of general relativity and principle of equivalence. It should be stated that, 
in the new gauge theory of gravity, the principle of general relativity appears in 
another way, that is, it realized itself through local gravitational gauge symmetry. 
From mathematical point of view, the local gravitational gauge invariance is just 
the general covariance in general relativity. In the new quantum theory of gravity, 
principle of equivalence plays no role. In other words, we will not accept principle 
of equivalence as a transcendental principle of the new quantum theory of gravity, 
for gauge principle is enough for us to construct quantum theory of gravity. We will 
discuss something more about principle of equivalence later. 



3 Gravitational Gauge Group 

Before we start our mathematical formulation of gravitational gauge theory, we 
have to determine which group is the gravitational gauge group, which is the start- 
ing point of the whole theory. It is know that, in the traditional quantum gauge 
theory of gravity, Lorentz group is localized. Wc will not follow this way, for it 
contradicts with gauge principle. Now, we use gauge principle to determine which 
group is the exact group for gravitational gauge theory. 

Some of the most important properties of gravity can be seen from Newton's 
classical gravity. In this classical theory of gravity, gravitational force between two 
point objects is given by: 

/^G=i=i (3.1) 

with mi and m2 masses of two objects, r the distance between two objects. So, grav- 
ity is proportional to the masses of both objects, in other words, mass is the source 
of gravitational field. In general relativity, Einstein's gravitational equation is the 
equation which gives out the relation between energy-momentum tensor and space- 
time curvature, which is essentially the relation between energy-momentum tensor 
and gravitational field. In the Einstein's gravitational equation, energy-momentum 
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is treated as the source of gravity. This opinion is inherited in the new quantum the- 
ory gauge of gravity. In other words, the starting point of the new quantum gauge 
theory of gravity is that the energy-momentum is the source of gravitational field. 
According to rule 3 and rule 1 of gauge principle, we know that, energy-momentum 
is the conserved charges of the corresponding global symmetry, which is just the 
symmetry for gravity. According to quantum field theory, energy-momentum is the 
conserved charge of global space-time translation, the corresponding conserved cur- 
rent is energy-momentum tensor. Therefore, the global space-time translation is 
the global gravitational gauge transformation. According to rule 4, we know that, 
after quantization, the energy-momentum operator becomes the generator of grav- 
itational gauge transformation. It also states that, except for energy-momentum 
operator, there is no other generator for gravitational gauge transformation, such 
as, angular momentum operator M^;^ can not be the generator of gravitational gauge 
transformation. This is the reason why wc do not localize Lorentz transformation in 
this new quantum gauge theory of gravity, for the generator of Lorentz transforma- 
tion is not energy-momentum operator. According to rule 2 of gauge principle, the 
gravitational interactions will be completely determined by the requirement of the 
local gravitational gauge symmetry. These are the basic ideas of the new quantum 
gauge theory of gravity, and they are completely deductions of gauge principle. 

We know that the generator of Lorentz group is angular momentum operator 
M^,^. If we localize Lorentz group, according to gauge principle, angular momentum 
will become source of a new filed, which transmits direct spin interactions. This 
kind of interactions does not belong to traditional Newton-Einstein gravity. It is 
a new kind of interactions. Up to now, we do not know that whether this kind 
of interactions exists in Nature or not. Besides, spin-spin interaction is a kind of 
non-renormalizable interaction. In other words, a quantum theory which contains 
spin-spin interaction is a non-renormalizable quantum theory. For these reasons, we 
will not localize Lorentz group in this paper. We only localize translation group in 
this paper. We will find that go along this way, we can set up a consistent quan- 
tum gauge theory of gravity which is renormalizable. In other words, only localizing 
space-time translation group is enough for us to set up a consistent quantum gravity. 

From above discussions, wc know that, from mathematical point of view, gravita- 
tional gauge transformation is the inverse transformation of space-time translation, 
and gravitational gauge group is space-time translation group. Suppose that there 
is an arbitrary function 0(a;) of space-time coordinates x'^. The global space-time 
translation is: 

xi" x'" ^x'' + e". (3.2) 
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The corresponding transformation for function (j){x) is 

= = 0(x'-e). (3.3) 
According to Taylor series expansion, wc have: 

0(0; - e) = 1 + E ^—r'"' ■ ■ ■ ^""^^1 ■■■^n] (3.4) 

\ n=l / 

where 

8. = (3.5) 
Let's define a special exponential operation here. Define 



n=l ^■ 

This definition is quite different from that of ordinary exponential function. In 
general cases, operators a'^ and do not commutate each other, so 

^a'^-b^ (3.7) 

^a'^-b^ ^ e"''•''^ (3.8) 
where e"'' ''^ is the ordinary exponential function whose definition is 

oo -I 

e"-''. ^ 1 + ^ -(a^^ • ■ ■ ■ (a,„ ■ b,J. (3.9) 

n=l ^■ 

If operators and commutate each other, we will have 

E<^^-b^ ^ -^b^-a^ ^ (3.10) 

^a'^-b^ ^ e""-''''. (3.11) 
The translation operator can be defined by 



oo 



1 



n=l ^■ 

Then we have 

(f){x-e)^{Ue(p{x)). (3.13) 
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In order to have a good form which is similar to ordinary gauge transformation 
operators, the form of Ue can also be written as 

^ ^_ieM.p^^ (3.14) 

where 

^ = (3.15) 

Pn is just the energy-momentum operator in space-time coordinate space. In the 
definition of of eq.( p.l4| ), can be independent of of space-time coordinate or a 
function of space-time coordinate, in a ward, it can be any functions of space time 
coordinate x. 

Some operation properties of translation operator JJ^ are summarized below. 
1. Operator translate the space-time point of a field from x to x — e, 

(p{x-e) = {U,(Pix)), (3.16) 

where can be any function of space-time coordinate. This relation can also 
be regarded as the definition of the translation operator 11^. 



2. If e is a function of space-time coordinate, that is S^e*^ ^ 0, then 

= E-''""-^^ ^ E''^^-''^, (3.17) 

and 



If e is a constant, that is d^^e" = 0, then 



= ^--'^■^M ^ e-'^"-^^ (3.18) 
then 

fj^ ^ ^-ie^.P, ^ ^-iP,.e>^ ^ (3.19) 



and 

= E-'''-^^ = e-'''-^^. (3.20) 

3. Suppose that 0i(x) and 02 (a^) are two arbitrary functions of space-time coor- 
dinate, then we have 



(J7,(0i(x) ■ 02(x))) = {(JM^)) ■ iUMx)) (3.21) 



4. Suppose that and 5^ are two arbitrary operators in Hilbert space, A is an 
arbitrary ordinary c- number which is commutate with operators and 5^, 
then we have 

dA 
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5. Suppose that e is an arbitrary function of space-time coordinate, then 

(d^U,) = -i{d^e'')uA. (3.23) 

6. Suppose that and are two arbitrary operators in Hilbert space, then 

tr{E^'-^>'E-^>'-^') = tri, (3.24) 
where tr is the trace operation and I is the unit operator in the Hilbert space. 

7. Suppose that A^^, and are three operators in Hilbert space, but operators 
^4'* and commutate each other: 

[A^^ , = 0, (3.25) 

then 

triE^'-^'^E^-^") = ir(£;(^''+^''>^0- (3-26) 

8. Suppose that A'', B^ and are three operators in Hilbert space, they satisfy 

[A' , = 0, 

[B, , CI = 0, ^'^■^^^ 

then 

9. Suppose that A^, B^ and are three operators in Hilbert space, they satisfy 

[A^' , C] = 0, 

[[S^ , CI , A''] = 0, (3.29) 

[[B, , CI , = 0, 

then, 

EA^-b.^c^.b. ^^(A^+cn.B,^^^A>^.B, ^ C"^]^c^-B^5^. (3.30) 

10. Suppose that tj^^ and C/fj are two arbitrary translation operators, define 

C/,3 = t/,, (3.31) 

then, 

e^(x) = e^(x) + e^(x-e2(x)). (3.32) 

This property means that the product to two translation operator satisfy clo- 
sure property, which is one of the conditions that any group must satisfy. 

13 



11. Suppose that is a non-singular translation operator, then 

Ij-i ^ ^ie^{f{x)yp,^ (3 33) 

where f{x) is defined by the following relations: 

f{x - e{x)) = X. (3.34) 
is the inverse operator of U^, so 

(j-^Ue = UeUr'^ = 1, (3.35) 
where 1 is the unit element of the gravitational gauge group. 

12. The product operation of translation also satisfies associative law. Suppose 
that C/j^ , J7e2 and U^^ are three arbitrary translation operators, then 

U,,-{tj,,-U,J^{U,,-U,,)-U,,. (3.36) 

13. Suppose that is an arbitrary translation operator and (j){x) is an arbitrary 
function of space-time coordinate, then 

U,(l){x)Ur^^f{x-e{x)). (3.37) 

This relation is quite useful in following discussions. 

14. Suppose that is an arbitrary translation operator. Define 

Ox^ 



dx^ 



(3.39) 



They satisfy 

K^A\ = 5^,, (3.40) 

A/A^-^;:- (3.41) 
Then we have following relations: 

U^PJJ:^ = ^Pp, (3.42) 

UAx^'U:^ = "dx^. (3.43) 

These give out the the transformation laws of and dx°- under local gravi- 
tational gauge transformations. 

14 



Gravitational gauge group (GGG) is a transformation group which consists of 
all non-singular translation operators 11^- We can easily see that gravitational gauge 
group is indeed a group, for 

1. the product of two arbitrary non-singular translation operators is also a non- 
singular translation operator, which is also an element of the gravitational 
gauge group. So, the product of the group satisfies closure property which is 
expressed in eq (|3.31|) ; 

2. the product of the gravitational gauge group also satisfies the associative law 
which is expressed in eq (|3.36| ); 



3. the gravitational gauge group has its unit element 1, it satisfies 

1 ■ = f/, ■ 1 = f/,; (3.44) 



4. every non-singular element tl^ has its inverse element which is given by eqs (|3.33|) 
and ( CT) - 

According to gauge principle, the gravitational gauge group is the symmetry of grav- 
itational interactions. The global invariance of gravitational gauge transformation 
will give out conserved charges which is just the ordinary energy- momentum; the 
requirement of local gravitational gauge invariance needs introducing gravitational 
gauge field, and gravitational interactions are completely determined by the local 
gravitational gauge invariance. 

The generators of gravitational gauge group is just the energy-momentum oper- 
ators Pq. This is required by gauge principle. It can also be seen from the form of 
infinitesimal transformations. Suppose that e is an infinitesimal quantity, then we 
have 

f/, ~ 1 - ie"P^- (3.45) 

Therefore, 

(3.46) 

gives out generators of gravitational gauge group. It is known that generators of 
gravitational gauge group commute each other 

[Pa , P/3] = 0. (3.47) 

However, the commutation property of generators does not mean that gravitational 
gauge group is an Abel group, because two general elements of gravitational gauge 
group do not commute: 

[K , U,,]^Q. (3.48) 
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Gravitational gauge group is a kind of non-Abel gauge group. The non-Able nature 
of gravitational gauge group will cause self-interactions of gravitational gauge field. 



In order to avoid confusion, we need to pay some attention to some differences 
between two concepts: space-time translation group and gravitational gauge group. 
Generally speaking, space-time translation is a kind of coordinates transformation, 
that is, the objects or fields in space-time are kept fixed while the space-time coor- 
dinates that describe the motion of objective matter undergo transformation. But 
gravitational gauge transformation is a kind of system transformation rather than 
a kind of coordinates transformation. In system transformation, the space-time co- 
ordinate system is kept unchanged while objects or fields undergo transformation. 
Prom mathematical point of view, space-time translation and gravitational gauge 
transformation are essentially the same, and the space-time translation is the inverse 
transformation of the gravitational gauge transformation; but from physical point of 
view, space-time translation and gravitational gauge transformation are quite difi^er- 
ent, especially when we discuss gravitational gauge transformation of gravitational 
gauge field. For gravitational gauge field, its gravitational gauge transformation is 
not the inverse transformation of its space-time translation. In a meaning, space- 
time translation is a kind of mathematical transformation, which contains little 
dynamical information of interactions; while gravitational gauge transformation is a 
kind of physical transformation, which contains all dynamical information of interac- 
tions and is convenient for us to study physical interactions. Through gravitational 
gauge symmetry, we can determine the whole gravitational interactions among var- 
ious kinds of fields. This is the reason why we do not call gravitational gauge 
transformation space-time translation. This is important for all of our discussions 
on gravitational gauge transformations of various kinds of fields. 

Suppose that (f){x) is an arbitrary scalar field. Its gravitational gauge transfor- 
mation is 



Similar to ordinary SU{N) non-able gauge field theory, there are two kinds of scalars. 
For example, in chiral perturbative theory, the ordinary tt mesons are scalar fields, 
but they are vector fields in isospin space. Similar case exists in gravitational gauge 
field theory. A Lorentz scalar can be a scalar or a vector or a tensor in the space 
of gravitational gauge group. If is a scalar in the space of gravitational gauge 
group, we just simply denote it as in gauge group space. If it is a vector in the 
space of gravitational gauge group, it can be expanded in the gravitational gauge 
group space in the following way: 




(3.49) 



<j>{x) = <j>''{x) ■ Pa. 



(3.50) 
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The transformation of component field is 

= A" f^U,(f)'^{x)U-\ (3.51) 

Tlie important thing that we must remember is that, the a index is not a Lorentz 
index, it is just a group index. For gravitation gauge group, it is quite special that 
a group index looks like a Lorentz index. We must be carefully on this important 
thing. This will cause some fundamental changes on quantum gravity. Lorentz 
scalar can also be a tensor in gauge group space, suppose that it is a nth order 
tensor in gauge group space, then it can be expanded as 

0(x) = 0°--"(x)-P„,---P,„. (3.52) 

The transformation of component field is 

0°i-""(a;) ^ 0'"i-""(x) = • ■ ■ A%^U,(l)^'-'^"{x)U-\ (3.53) 



If (l){x) is a spinor field, the above discussion is also valid. That is, a spinor can 
also be a scalar or a vector or a tensor in the space of gravitational gauge group. 
The gravitational gauge transformations of the component fields are also given by 
eqs.( p.49"[j3.53| ). There is no transformations in spinor space, which is different from 



that of the Lorentz transformation of a spinor. 

Suppose that v4^(x) is an arbitrary vector field. Here, the index /i is a Lorentz 
index. Its gravitational gauge transformation is: 

A^{x) A'^ix) = (UeA^ix)). (3.54) 

Please remember that there is no rotation in the space of Lorentz index /i, while in 
the general coordinates transformations of general relativity, there is rotation in the 
space of Lorentz index /i. The reason is that gravitational gauge transformation is 
a kind of system transformation, while in general relativity, the general coordinates 
transformation is a kind of coordinates transformation. If A^lx) is a scalar in the 



space of gravitational gauge group, eq( |3.54| ) is all for its gauge transformation. If 
Afj^{x) is a vector in the space of gravitational gauge group, it can be expanded as: 

A^{x) = A^(x) ■ P,. (3.55) 

The transformation of component field is 

A^(x) ^ A'^ix) = A%U,A/{x)Ur\ (3.56) 
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If An{x) is a nth order tensor in the space of gravitational gauge group, then 

(3.57) 

The transformation of component fields is 

(x) ^ = • ■.A%U,A^--^-{x)Ur'. (3.58) 

Therefore, under gravitational gauge transformations, the behavior of a group in- 
dex is quite different from that of a Lorentz index. However, they have the same 
behavior in global Lorentz transformations. 

Generally speaking, suppose that Tj^l'.'.'^^ix) is an arbitrary tensor, its gravita- 
tional gauge transformations are: 

T!^l.») - TXrz-'i^) = {UeT!f!::.»)). (3.59) 

If it is a pth order tensor in group space, then 

(^) = r.",^;;r^""""''(^) • • • • K- (3-6o) 

The transformation of component fields is 

^""••"^(^) ^ ^""••"^(^) = • • • A%,t>e7r,^.:.r ^''"•■''''(^)^r'- (3-61) 



7]'^'^ is a second order Lorentz tensor, but it is a scalar in group space. It is the 
metric of the coordinate space. A Lorentz index can be raised or descended by this 
metric tensor. In a special coordinate system, it is selected to be: 



7/0 





= -1, 


^1 


1 


= 1, 




2 


= 1, 




3 


- 1, 



(3.62) 



and other components of rj'^'^ vanish, rj'^'^ is the traditional Minkowski metric. 



4 Physics Picture of Gravity 

As we have mentioned above, quantum gauge theory of gravity is logically indepen- 
dent of traditional quantum gravity. It is know that, there are at least two pictures 
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of gravity. In one picture, gravity is treated as space-time geometry. In this picture, 
space-time is curved and there is no physical gravitational interactions, for all ef- 
fects of gravity are represented by space-time metric. In another picture, gravity is 
treated as a kind of fundamental interactions. In this picture, space-time is always 
fiat and space-time metric is always selected to be the Minkowski metric. For the 
sake of simplicity, we call the first picture gemeotry picture of gravity and the second 
picture physics picture of gravity. 

The concepts of "physics picture of gravity" and "geometrical picture of gravity" 
are key important to understand the present theory. In order to understand these 
important things, I use quantum mechanics as an example. In quantum mechanics, 
there are many pictures, such Schrodinger picture, Heisenberg picture, • • • etc. In 
Schrodinger picture, operators of physical quantities are fixed and do not change 
with time, but wave functions arc evolve with time. On the contrary, in Heisenberg 
picture, wave functions are fixed and do not change with time, but operators evolve 
with time. If we want to know whether wave functions is changed with time or 
not, you must first determine in which picture you study wave functions. If you do 
not know in which picture you study wave functions, you will not know whether 
wave functions should be changed with time or not. Now, similar case happens in 
quantum gauge theory of gravity. If you want to know whether space-time is curved 
or not, you must first determine in which picture gravity is studied. In physics 
picture of gravity, space-time is fiat, but in geometry picture of gravity, space-time 
is curved. Quantum gauge theory of gravity is formulated in the physics picture of 
gravity, classical Newton's theory of gravity is also formulated in the physics picture 
of gravity, and general relativity is formulated in the geometry picture of gravity. 
Please do not discuss any problem simultaneous in two pictures, which is dangerous. 

Quantum gauge theory of gravity is foumulated in the physics picture of gravity. 

So. in quantum gauge theory of gravity, space-time is always flat and gravity is 
treated as a kind of fundatmental interactions. In order to avoid confusing, we do 
not introduce any comcept of curved space-time and we do not use any language 
of geometry in this paper. It is suggest that anyone read this paper do not try to 
find any geometrical meaning of any physical quantities, do not use the language of 
geometry to understand anything of this paper and forget everything about the con- 
cept of fibre bundles, connections, curved space-time metric, ■ ■ ■ etc, for the present 
theory is not formulated in the geometry picture of gravity. After we go into the 
geometry picture of gravity and set up the geometrical picture of quantum gauge 
theory of gravity, we can use geometry language and study the geometry meaning 
of the present theory. But at present, we will not use the language of geometry. 

There are mainly the following three reasons to introduce the physics picture 
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of gravity and formulate quantun gauge theory of gravity in the physics picture of 
gravity: 

1. It has a clear interaction picture, so we can use perturbation theory to calculate 
the amplitudes of physical process. 

2. We can use traditional gauge field theory to study quantum behavior of grav- 
itational interactions, and four different kinds of fundamental interactions in 
Nature can be formulated in the same manner. 

3. The perturbatively renormalizability of the theory can be easily proved in the 
physics picture of gravity. 

Gravitational gauge transformation is different from space-time translation. In 
gravitational gauge transformation, space-time is fixed, space-time coordinates are 
not changed, only fields and objects undergo some translation. In a meaning, grav- 
itational gauge transformation is a kind of physical transformation on objects and 
fields. The traditional space-time translation is a kind of transformation in which 
objects and fields are kept unchanged while space-time coordinates undergo some 
translation. In a meaning, space-time translation is a kind of geometrical trans- 
formation on space-time. Because quantum gauge theory of gravity is set up in 
the physics picture of gravity, we have to use gravitational gauge transformation in 
our discussion, for physics picture needs physical transformation. I do not discuss 
translation transformation of space-time and gauge translations in physics picture of 
gravity. In a meaning, space-time translation is a kind of geometrical transformation, 
which contains geometrical information of space-time structure and is convenient for 
us to study space-time geometry; while gravitational gauge transformation is a kind 
of physical transformation, which contains all dynamical information of gravitational 
interactions and is convenient for us to study physical interactions. Though from 
mathematical point of view, for global transformations, space-time translation is the 
inverse transformation of the gravitational gauge transformation. But from physi- 
cal point of view and for local transformation, they are not the same. In the new 
theory, I do not gauge translation group, but gauge gravitational gauge group, for 
translation group is different from gravitational gauge group. Translation group is 
the symmetry of space-time, but gravitational gauge group is the symmetry group 
of physical fields and objects. They have essential difference from physical point of 
view. However, in geometry picture of gravity, the space-time transformation is used. 
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5 Pure Gravitational Gauge Fields 



Before we study gravitational field, we must determine which field represents grav- 
itational field. In the traditional gravitational gauge theory, gravitational field is 
represented by space-time metric tensor. If there is gravitational field in space-time, 
the space-time metric will not be equivalent to Minkowski metric, and space-time 
will become curved. In other words, in the traditional gravitational gauge theory, 
quantum gravity is formulated in curved space-time. In this paper, we will not fol- 
low this way. The underlying point of view of this new quantum gauge theory of 
gravity is that it is formulated in the framework of traditional quantum field theory, 
gravity is treated as a kind of physical interactions in flat space-time and the grav- 
itational field is represented by gauge potential. In other words, if we put gravity 
into the structure of space-time, the space-time will become curved and there will 
be no physical gravity in space-time, because all gravitational effects are put into 
space-time metric and gravity is gcometrized. But if we study physical gravitational 
interactions, it is better to rescue gravity from space-time metric and treat grav- 
ity as a kind of physical interactions. In this case, space-time is flat and there is 
physical gravity in Minkowski space-time. For this reason, wc will not introduce the 
concept of curved space-time to study quantum gravity in first twelve chapters of 
this paper. So, in the first twelve chapters of this paper, the space-time is always 
flat, gravitational field is represented by gauge potential and gravitational interac- 
tions are always treated as physical interactions. In fact, what gravitational fleld is 
represented by gauge potential is required by gauge principle. 

Now, let's begin to construct the Lagrangian of gravitational gauge theory. For 
the sake of simplicity, let's suppose that (j){x) is a Lorentz scalar and gauge group 
scalar. According to above discussions, its gravitational gauge transformation is: 

^ <f>'{x) = {UeHx)). (5.1) 

Because 

(dA) ^ 0, (5.2) 

partial differential of 0(x) does not transform covariantly under gravitational gauge 
transformation: 

d^4>{x) ^ d^<^{x) 7^ (t/,a^0(x)). (5.3) 

In order to construct an action which is invariant under local gravitational gauge 
transformation, gravitational gauge covariant derivative is highly necessary. The 
gravitational gauge covariant derivative is defined by 

D^^d^-igC^{x), (5.4) 
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where C^{x) is the gravitational gauge field. It is a Lorentz vector. Under gravita- 
tional gauge transformations, it transforms as 

C^{x) ^ C'^ix) = U,{x)C^{x)Ur\x) + -U,{x){d^U:\x)). (5.5) 

Using the original definition of C/g, we can strictly proved that 

[d^ , U,] = {d^U,). (5.6) 

Therefor, we have 

U,d,Ur' = d^ + tJeid^^Ur'), (5.7) 

U,D^U-'^d^-igCl{x). (5.8) 
So, under local gravitational gauge transformations, 

D.cPix) ^ D'^cP'ix) = {UeD,cj>{x)), (5.9) 

D^{x) ^ D'(x) = U,D^{x)Ur'. (5.10) 



Gravitational gauge field Ci^{x) is vector field, it is a Lorentz vector. It is also 
a vector in gauge group space, so it can be expanded as linear combinations of 
generators of gravitational gauge group: 

C^ix) = C^ix) ■ (5.11) 

are component fields of gravitational gauge field. It looks like a second rank 
tensor. But according to our previous discussion, it is not a tensor field, it is a 
vector field. The index a is not a Lorentz index, it is just a gauge group index. 
Gravitational gauge field has only one Lorentz index, so it is a kind of vector 
field. This is a result of gauge principle. The gravitational gauge transformation of 
component field is: 

C",{x) ^ Cl^ix) = A%{U,C^^{x)) - -^{Ued.e'^iy)), (5.12) 

where y is a function of space-time coordinates which satisfy: 

{U,yix)) = x. (5.13) 
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Define matrix G as 

G' = (G;) = (5;-(7C;), (5.14) 

where is the gravitational gauge field which will be introduced below. A simple 
form for matrix G is 

G^I-gG, (5.15) 
where / is a unit matrix and G — (C^). Therefore, 

G~^ is the inverse matrix of G, it satisfies 

iG-')K = S"p, (5.17) 

G^G-X = (5.18) 

Define 

= vAG-'Y.{G-%. (5.20) 

It can be easily proved that 

= 51, (5.21) 

^7"^^7;3, = 5^. (5.22) 
Under gravitatinal gauge transformations, they transform as 

9ap{x) ^ g'^p{x) = AJ^^A/^(C/,^„,;3i(^)), (5.23) 
g-f'ix) g'-P{x) = K\A%,{lJeg''^Hx)), (5.24) 



The strength of gravitational gauge field is defined by 

= , (5.25) 

or 

i^M- = 5^a(a;) - d,C^{x) - 2(/C^(a:)a(2:) + igG,{x)G^{x). (5.26) 

F^,^ is a second order Lorentz tensor. It is a vector is group space, so it can be 
expanded in group space, 

FA^) = Fnx) . P„. (5.27) 
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The explicit form of component field strengths is 

= d,C: - d^C-^ - gCldf^C: + gC^d^Cl (5.28) 

The strength of gravitational gauge fields transforms covariantly under gravitational 
gauge transformation: 

^ = UeF,Mr'- (5.29) 
The gravitational gauge transformation of the component field strength is 

F;,^i^", = A%(f/,F^^J. (5.30) 



Similar to traditional gauge field theory, the kinematical term for gravitational 
gauge field can be selected as 

C, = _1^mp^-^„^f;,F^^,. (5.31) 

We can easily prove that this Lagrangian does not invariant under gravitational 
gauge transformation, it transforms covariantly 

Co^C'o= (UXo)- (5.32) 



In order to resume the gravitational gauge symmetry of the action, we introduce 
an extremely important factor, whose form is 

J(C) = ^-detg^p, (5.33) 

where ga/s is given by eq.( ^.20| ). The gravitational gauge transformations of ga/s is 
given by eq.( |5.23|) . Then J{C) transforms as 

J{C) J'{C') = J ■ iUeJ{C)), (5.34) 

where J is the Jacobian of the transformation. 

The Lagrangian for gravitational gauge field is selected as 



C = J{C)Co = J~detgaf3 ■ Co, (5.36) 



24 



and the action for gravitational gauge field is 

J d^xL. (5.37) 

It can be proved that this action has gravitational gauge symmetry. In other words, 
it is invariant under gravitational gauge transformation, 

S^S' ^S. (5.38) 

In order to prove the gravitational gauge symmetry of the action, the following 
relation is important, 

J d^xJ (tJefix)) = J dV(^), (5.39) 

where f{x) is an arbitrary function of space-time coordinate. 

According to gauge principle, the global gauge symmetry will give out conserved 
charges. Now, let's discuss the conserved charges of global gravitational gauge trans- 
formation. Suppose that is an infinitesimal constant 4-vector. Then, in the first 
order approximation, we have 

Ue^l-e"da + o{e'^). (5.40) 
The first order variation of the gravitational gauge field is 

SC;{x) = -e^a.C^, (5.41) 
and the first order variation of action is: 

6S = J d'x e'^d.Tt,, (5.42) 

where Tf^ is the inertial energy-momentum tensor, whose definition is 

Tta ^ AC) (- + ■ (5-43) 

It is a conserved current, 

d,Tt^ = 0. (5.44) 

Except for the factor J{C), the form of the inertial energy- momentum tensor is al- 
most completely the same as that in the traditional quantum field theory. It means 
that gravitational interactions will change energy-momentum of matter fields, which 
is what we expected in general relativity. 
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The Euler-Lagrange equation for gravitational gauge field is 

dC dC 



d,^^ = 7^- (5-45) 



'dd^C- dC?. 



This form is completely the same as what we have ever seen in quantum field theory. 
But if we insert eq. ( ^.361) into it, we will get 



Eq.( [5.28D can be changed into 

= iD,C:) - (D^C^), (5.47) 

so the Lagrangian Cq depends on gravitational gauge fields completely through its 
covariant derivative. Therefore, 

^ = + Iv''v'^9.,G-''F;:,F^^. (5.48) 

Using the above relations and 

= -v^^r^^^V2.A - gv'V^ma.F^rCi:, (5.49) 

the above equation of motion of gravitational gauge fields are changed into 

dM^V'^9a^Ft) = -gT^., (5.50) 

where 



■^9° ~ "^If^^^'^M +'^a^''>Co-G'^^^(5MCA)aS^ 



(5.51) 



Tg^ is also a conserved current, that is 



is 

duT^go. = 0, (5.52) 



because of the following identity 

d^dM^r^'^dapFl) = 0. (5.53) 

Tg^ is called gravitational energy-momentum tensor, which is the source of grav- 
itational gauge field. Now we get two different energy-momentum tensors, one is 
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the inertial energy-momentum tensor T^'^ and another is the gravitational energy- 
momentum tensor Tg^. They are similar, but they are different. The inertial energy- 
momentum tensor T^^ is given by conservation law which is associate with global 
gravitational gauge symmetry, it gives out an energy-momentum 4-vector: 

= Jd^x Tl. (5.54) 

It is a conserved charges, 

^Aa = 0. (5.55) 
dt 

The time component of Pja, that is Pjo? gives out the Hamiltonian H of the system, 

H = -P,o = Jd^x J(C)« cl -Co). (5.56) 

According to our conventional belief, H should be the inertial energy of the system, 
therefore Pia is the inertial energy-momentum of the system. The gravitational 
energy-momentum is given by equation of motion of gravitational gauge field, it is 
also a conserved current. The space integration of the time component of it gives 
out a conserved energy-momentum 4-vector, 

= Jd'x T°„. (5.57) 

It is also a conserved charge, 

^Pga = 0. (5.58) 

dt 

The time component of it just gives out the gravitational energy of the system. This 
can be easily seen. Set z/ and a in eq. (|5.5CI|) to 0, we get 

d^F^, = -gTl (5.59) 
The field strength of gravitational field is defined by 

= -F^o- (5-60) 
The space integration of eq.( |5.59| ) gives out 

jda ■E=g j d^x T°o. (5.61) 

According to Newton's classical theory of gravity, / d^ x T°g in the right hand term 
is just the gravitational mass of the system. Denote the gravitational mass of the 
system as M^, that is 

Mg = - [d'x T°o. (5.62) 
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Then eq( |5.61| ) is changed into 

jda-E=-gMg. (5.63) 

This is just the classical Newton's law of universal gravitation. It can be strictly 
proved that gravitational mass is different from inertial mass. They are not equiva- 
lent. But their difference is at least first order infinitesimal quantity if the gravita- 
tional field gC'^, for this difference is proportional to gC'^- So, this difference is too 
small to be detected in experiments. But in the environment of strong gravitational 
field, the difference will become relatively larger and will be easier to be detected. 
Much more highly precise measurement of this difference is strongly needed to test 
this prediction and to test the validity of the equivalence principle. In the chapter 
of classical limit of quantum gauge theory of gravity, we will return to discuss this 
problem again. 

Now, let's discuss self-coupling of gravitational field. The Lagrangian of gravi- 
tational gauge field is given by eq( p.36| ). Because 

CO 1 / oo n \ 

JiC) = 1 + E 3y E frtr(C^") (5.64) 

m=l \n=l / 

there are vertexes of n gravitational gauge fields in tree diagram where n can be 
arbitrary integer number that is greater than 3. This property is important for renor- 
malization of the theory. Because the coupling constant of the gravitational gauge 
interactions has negative mass dimension, any kind of regular vertex exists diver- 
gence. In order to cancel these divergences, we need to introduce the corresponding 
counterterms. Because of the existence of the vertex of n gravitational gauge fields 
in tree diagram in the non-renormalized Lagrangian, we need not introduce any new 
counterterm which does not exist in the non-renormalized Lagrangian, what we need 
to do is to redefine gravitational coupling constant g and gravitational gauge field 
in renormalization. If there is no J{C) term in the original Lagrangian, then we 
will have to introduce infinite counterterms in renormalization, and therefore the 
theory is non-renormalizable. Because of the existence of the factor J{C), though 
quantum gauge theory of gravity looks like a non-renormalizable theory according 
to power counting law, it is indeed renormalizable. In a word, the factor J{C) is 
highly important for the quantum gauge theory of gravity. 



6 Gravitational Interactions of Scalar Fields 

Now, let's start to discuss gravitational interactions of matter fields. First, we 
discuss gravitational interactions of scalar fields. For the sake of simplicity, we first 
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discuss real scalar field. Suppose that 0(a;) is a real scalar field. The traditional 
Lagrangian for the real scalar field is 

1 TfP' 

- -r''d,<l>{x)d,<j>{x) - —<f>\x), (6.1) 

where m is the mass of scalar field. This is the Lagrangian for a free real scalar field. 
The Euler-Lagrangian equation of motion of it is 

(V^'^d^d^ - m2)(/)(x) = 0, (6.2) 

which is the famous Klein- Gordan equation. 

Now, replace the ordinary partial derivative 9^ with gauge covariant derivative 
D/^, and add into the Lagrangian of pure gravitational gauge field, we get 

1 777^ 1 

£o = --v'"'{D,<P){D^^) - - -v'^^ri'^'^gapF^^F^,. (6.3) 

The full Lagrangian is selected to be 

jC = J(C)£o, (6.4) 

and the action S is defined by 

S= [d^x £. (6.5) 



Using our previous definitions of gauge covariant derivative and strength of 
gravitational gauge field F^^^, we can obtain an explicit form of Lagrangian C, 

jC = Cf + Ci, (6.6) 

with Cp the free Lagrangian and Ci the interaction Lagrangian. Their explicit 

expressions are 

= -lv'''d,<i>{x)d.4>{x) - '^<i>\x) - \ri''v'"'ri.pF-^A, (6.7) 

Ci ^ Cf- {J{C) - 1) - lr'V'"'{J{C)9a(3 - ^a/3)i^o%<. 

(6.8) 
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where, 

^0% = d,C: - d^Cl- (6.9) 

From eq.( |6.8D , we can see that scalar field can directly couples to any number of 
gravitational gauge fields. This is one of the most important interaction properties of 
gravity. Other kinds of interactions, such as strong interactions, weak interactions 
and electromagnetic interactions do not have this kind of interaction properties. 
Because the gravitational coupling constant has negative mass dimension, renor- 
malization of theory needs this kind of interaction properties. In other words, if 
matter field can not directly couple to any number of gravitational gauge fields, the 
theory will be non-renormalizable. 



The symmetries of the theory can be easily seen from eg. ( |6.3| ). First, let's dis- 
cuss Lorentz symmetry. In eq. ( |6.3| ) , some indexes are Lorentz indexes and some are 
group indexes. Lorentz indexes and group indexes have different transformation law 
under gravitational gauge transformation, but they have the same transformation 
law under Lorentz transformation. Therefor, it can be easily seen that both £o and 
J(C) are Lorentz scalars, the Lagrangian L and action S are invariant under global 
Lorentz transformation. 

Under gravitational gauge transformations, real scalar field transforms as 

^0'(a;) = (f/e</)(x)), (6.10) 

therefore, 

D^<^{x) ^ D'^^{x) = {U,D^<P{x)). (6.11) 
It can be easily proved that Cq transforms covariantly 

£0 ^ C'^ = (UeCo), (6.12) 

and the action eq.( |6.5| ) of the system is invariant, 

S ^ S' = S. (6.13) 



Please remember that eq. ( ^.39|) is an important relation to be used in the proof of 



the gravitational gauge symmetry of the action. 

Global gravitational gauge symmetry gives out conserved charges. Suppose that 
is an infinitesimal gravitational gauge transformation, it will have the form of 
eq. (|5.40|) . The first order variations of fields are 



SC^ix) = -e-'id.C^^ix)), (6.14) 
S(j){x) = -e'^idM^)), (6.15) 
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Using Euler-Lagrange equation of motions for scalar fields and gravitational gauge 
fields, we can obtain that 

SS = J d'^xe'^d^Tt^, (6.16) 

where 

Because action is invariant under global gravitational gauge transformation, 

6S = 0, (6.18) 

and e° is an arbitrary infinitesimal constant 4-vector, we obtain, 

d,Tt, = 0. (6.19) 

This is the conservation equation for inertial energy-momentum tensor. T-^ is the 
conserved current which corresponds to the global gravitational gauge symmetry. 
The space integration of the time component of inertial energy-momentum tensor 
gives out the conserved charge, which is just the inertial energy-momentum of the 
system. The time component of the conserved charge is the Hamilton of the system, 
which is 

H = ~P,o = Jd'x J(C)(7r^ cl -Co), (6.20) 

where and vr^ are canonical conjugate momenta of the real scalar field and gravit- 
tational field 

vr, = ^, (6.21) 
d(f) 

< = (6.22) 

The inertial space momentum of the system is given by 

P' = Pii = jd?x J{C){-'K^di<P - n^diC^). (6.23) 

According to gauge principle, after quantization, they will become generators of 
quantum gravitational gauge transformation. 

Using the difinion ( 5.19| ), we can change the Lagrangian given by eq.( |6.3|) into 
Co = --g-^d^mp^P) - - (6.24) 
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g"^ is the metric tensor of curved group space-time. We can easily see that, when 
there is no gravitational field in space-time, that is, 

= 0, (6.25) 

the group space-time will be flat 

gap ^ 26) 

This is what we expected in general relativity. We do not talk to much on this 
problem here, for we will discuss this problem again in details in the chapter on 
Einstein-like fleld equation with cosmological term. 

Eulcr- Lagrange equations of motion can be easily deduced from action principle. 
Keep gravitational gauge field fixed and let real scalar field vary infinitesimally, 
then the first order infinitesimal variation of action is 

6S ^jA^.J(C) - - 9G„-(S.C)^) H. (6.27) 

Because 5(f) is an arbitrary variation of scalar field, according to action principle, we 

Because of the existence of the factor J{C), the equation of motion for scalar field is 
quite different from the traditional form in quantum field theory. But the difference 
is a second order infinitesimal quantity if we suppose that both gravitational cou- 
pling constant and gravitational gauge field are first order infinitesimal quantities. 
Because 

^ = (6.30) 
the explicit form of the equation of motion of scalar field is 

^"^9,9^0 - + (9,y«^)6>;3</' + gg''^idf,<t>)G-"'{d^C2) = 0. (6.31) 
The equation of motion for gravitational gauge field is: 

d.ir'v'^^g^pFt) = -gT;^, (6.32) 
where T^^ is the gravitational energy-momentum tensor, whose definition is: 



-lv'"'V^''9apG-'^F;^F^i + d.iri'^Y^go^pF^^CI^), 



(6.33) 
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We can see again that, for matter field, its inertial energy- momentum tensor is also 
different from the gravitational energy-momentum tensor, this difference completely 
originate from the influences of gravitational gauge field. Compare eq. (|6.33|) with 
eq. (|6.17|) , and set gravitational gauge field to zero, that is 

D^cj) = 9^0, (6.34) 

J{C) = 1, (6.35) 
then we find that two energy-momentum tensors are completely the same: 

Tta = Tg'a- (6.36) 

It means that the equivalence principle only strictly hold in a space-time where there 
is no gravitational field. In the environment of strong gravitational field, such as in 
black hole, the equivalence principle will be strongly violated. 



Define 



Jd^xC = Jd^x J{C)Cq. (6.37) 



L 

Then, we can easily prove that 

^il = j(C)^. (6.39) 

5 (j) d (f) 



J{C)^. (6.41) 



6 d 

Then, Hamilton's action principle gives out the following equations of motion: 

5L d 5L , , 

— - = 0, 6.42 

^ 0. (6.43) 



These two equations of motion are essentially the same as the Euler-Lagrange equa- 
tions of motion which we have obtained before. But these two equations have more 
beautiful forms. 
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The Hamiltonian of the system is given by a Legendre transformation, 



s<P scf! ^ (6.44) 

= Jdi'xJ{C){rr^(j)+7T^cl-Co), 

where vr^ and tt^ are canonical conjugate momenta whose definitions are given by 
( |6.21| ) and (|6.22| ). It can be easily seen that the Hamiltonian given by Legendre 



transformation is completely the same as that given by inertial energy-momentum 
tensor. After Legendre transformation, 0, C°, J{C)tt^ and J{C)it^ are canonical 
independent variables. Let these variables vary infinitesimally, we can get 



6H _ 6L 

6H 
6H 5L 



5H 



(6.45) 

(6.46) 
(6.47) 



6{J{C)K 

Then, Hamilton's equations of motion read: 

d , 5H 



C: . (6.48) 



di" 5(J(C)7r^) 



(6.49) 



l^(AC).,) = J-^, (6.50) 

^(^(C)<) = (6.52) 

The forms of the Hamilton's equations of motion are completely the same as those 
appears in usual quantum field theory and usual classical analytical mechanics. 
Therefor, the introduction of the factor J{C) does not affect the forms of Lagrange 
equations of motion and Hamilton's equations of motion. 

The Poisson brackets of two general functional of canonical arguments can be 
defined by 

5 A _ (A'i^(^_iR (5A SB 

I /I , 13 J- ju Ksct> s{j{C)iT^) s{j{c)iT^) s<j> 

(6.53) 

I 5 A SB SA SB \ 



5C?5(J(C)0 5(J(C)0 5C^ 
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According to this definition, we have 

{<l>{x,t) , {J{C)n^)(y,t)}^S'{x -y), (6.54) 

{C^{x,t) , {J{C)n^^){y,t)} = 6ii6^^6%x -y). (6.55) 

These two relations can be used as the starting point of canonical quantization of 
quantum gravity. 

Using Poisson brackets, the Hamilton's equations of motion can be expressed in 
other forms, 

^Jix,t)^{(l)ix,t) , H}, (6.56) 



dt 

(j(n 

dt 

dt 



-^(J(C)7r^)(x,i) = {(J(C)7r^)(x,i) , H}, (6.57) 
^C'^{x,t) = {C:{x,t) , H], (6.58) 



^(J(C)<)(x,t) = {(J(C)<)(x,t) , H}. (6.59) 

Therefore, if A is an arbitrary functional of the canonical arguments 0, C^, J{C)t:^ 
and J(C)7r^, then we have 

A={A , H]. (6.60) 
After quantization, this equation will become the Heisenberg equation. 

If (p{x) is a complex scalar field, its traditional Lagrangian is 

- r)^"'d^(t){x)d^(f)*{x) - m^(t){x)(t)*{x). (6.61) 

Replace ordinary partial derivative with gauge covariant derivative, and add into 
the Lagrangian for pure gravitational gauge field, we get, 

Co = -v'^iD^mD.cl^r - m'ct^r - ^rj^^ri'-^g^^F^^F^i. (6.62) 

Repeating all above discussions, we can get the whole theory for gravitational inter- 
actions of complex scalar fields. We will not repeat this discussion here. 
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7 Gravitational Interactions of Dirac Field 

In the usual quantum field theory, the Lagrangian for Dirac field is 

-^{rd^ + m)ij. (7.1) 

Replace ordinary partial derivative with gauge covariant derivative, and add into 
the Lagrangian of pure gravitational gauge field, we get, 

Co = -^l^il'D, + m)^ - \ri'''v''''9o.pF^.F^^^. (7.2) 
The full Lagrangian of the system is 

C = JiC)Co, (7.3) 

and the corresponding action is 

S = J d'^xC = J d^a; J{C)Co. (7.4) 

This Lagrangian can be separated into two parts, 

L = Cf + Ci, (7.5) 

with Cp the free Lagrangian and Ci the interaction Lagrangian. Their explicit forms 
are 

Cf = -^il'd, + m)i, - Iv^'v^^VapF^^^X^^, (7.6) 

+gJ{C)^r{dc.^)C^, + 9J{C)rPv''''9afs{d,C: - d.C^)C'^dsC^ (7.7) 

From Cj, we can see that Dirac field can directly couple to any number of grav- 
itational gauge fields, the mass term of Dirac field also take part in gravitational 
interactions. All these interactions are completely determined by the requirement 
of gravitational gauge symmetry. The Lagrangian function before renormalization 
almost contains all kind of divergent vertex, which is important in the renormaliza- 
tion of the theory. Besides, from eq.( [7.7| ), we can directly write out Feynman rules 
of the corresponding interaction vertexes. 

Because the traditional Lagrangian function eq. ( |7. 1| ) is invariant under global 
Lorentz transformation, which is already proved in the traditional quantum field 
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theory, and the covariant derivative has the same behavior as partial derivative un- 
der global Lorentz transformation, the first two terms of Lagrangian L are global 
Lorentz invariant. We have already prove that the Lagrangian function for pure 
gravitational gauge field is invariant under global Lorentz transformation. Therefor, 
L has global Lorentz symmetry. 

The gravitational gauge transformation of Dirac field is 

i){x) i)\x) = (UMx)). (7.8) 

i/j transforms similarly, 

i>{x) i)\x) = (Ueipix)). (7.9) 

Dirac 7-matrices is not a physical field, so it keeps unchanged under gravitational 
gauge transformation, 

Y^Y- (7.10) 

It can be proved that, under gravitational gauge transformation, Cq transforms as 

Co £'0 = iU.Co). (7.11) 

So, 

C^C' = J{U,Co), (7.12) 

where J is the Jacobi of the corresponding space-time translation. Then using 
eq. (|5.39 ), we can prove that the action S has gravitational gauge symmetry. 



Suppose that is an infinitesimal global transformation, then the first order 
infinitesimal variations of Dirac field are 

Sxfj = -e'^d^ij, (7.13) 

Sip = -e^d^ij. (7.14) 
The first order variation of action is 

6S = I d^xe'^d.Tt^, (7.15) 
where T-^ is the inertial energy-momentum tensor whose definition is, 

Tt^ ^ J{C) {-^d^ij - + (5^^£ol . (7.16) 



The global gravitational gauge symmetry of action gives out conservation equation 
of the inertial energy-momentum tensor, 

d,TL = 0. (7.17) 
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The inertial energy-momentum tensor is the conserved current which expected by 
gauge principle. The space integration of its time component gives out the conserved 
energy-momentum of the system, 

H = -Pio = Jd'x J{C){'K^ ^ +< -£o), (7.18) 

P' = P^^ = Jd^X J{C){-1T^d,tlj - <9,C^), (7.19) 

where 

TT^ = (7.20) 

d if) 

The equation of motion for Dirac field is 

(7^D^ + m)^ = 0. (7.21) 

From this expression, we can see that the factor J{C) does not affect the equation of 
motion of Dirac field. This is caused by the asymmetric form of the Lagrangian. If 
we use a symmetric form of Lagrangian, the factor J{C) will also affect the equation 
of motion of Dirac field, which will be discussed later. 

The equation of motion of gravitational gauge field can be easily deduced, 

d,{n^\''^g^pFi) = -gT^^, (7.22) 
where T^^ is the gravitational energy-momentum tensor, whose definition is: 

(7.23) 

We see again that the gravitational energy-momentum tensor is different from the 
inertial energy-momentum tensor. 

In usual quantum field theory, the Lagrangian for Dirac field has a more sym- 
metric form, which is 

- ^{Y df, +m)^, (7.24) 

where 

d,= (7.25) 

The Euler-Lagrange equation of motion of eq. ( |7.24| ) also gives out the conventional 
Dirac equation. 
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Now replace ordinary space-time partial derivative with covariant derivative, and 
add into the Lagrangian of pure gravitational gauge field, we get. 



Co = -Hi" D, +m)^ - ^v'^Pr^'-^g^pF^^F^^, (7.26) 



where Da is defined by 



D,= (7.27) 



Operator is understood in the following way 

fix) D, g{x) = {DJ{x))g{x), (7.28) 

with f{x) and g{x) two arbitrary functions. The Lagrangian density C and action S 
are also defined by eqs.( [7.3f]7^ ). In this case, the free Lagrangian Cp and interaction 
Lagrangian £/ are given by 

Cf = -i^iY d, +m)^p - \v'''v''''Vo.pF^,A, (7.29) 

Ci = Cp- {J{C) - 1) - \ri^''ii''''{J{C)g^p - VaM^^^K^ 

+gJ{C)iijr da i^)C^ + gJiC)r'v''''9a(,id,C^ - d.CpCf^dsC^ (7-30) 



The Euler-Lagrange equation of motion for Dirac field is 



- d.QQ^ - aG-'^^^C^)!^. = 0- (7.31) 
dCo 1 



Because 



dil) 2 
dCo 1 



eq.( |7.3lD will be changed into 



-l^D^^lj - milj, (7.32) 



i^D, + m)ij = -^Yido.G'^M - IgY^G-p'^iD^C^,). (7.34) 
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If gravitational gauge field vanishes, this equation of motion will return to the tra- 
ditional Dirac equation. 



The inertial energy-momentum tensor now becomes 

and the gravitational energy-momentum tensor becomes 

-G-,''{d,C^,)^ + d,{v^>^r^g^,FtClf) (7.36) 

2'/ '/ yajS'^-y pa- 

Both of them are conserved energy-momentum tensor. But they are not equivalent. 



8 Gravitational Interactions of Vector Field 

The traditional Lagrangian for vector field is 



-r/'^^T^^'^VA,, - —r^^^-A^A,, (8.1) 



1 77?^ 

where A^^, is the strength of vector field which is given by 

d^A, - d,A^. (8.2) 

The Lagrangian Lq that describes gravitational interactions between vector field and 
gravitational fields is 

C, = -l^^PrT'^A^^Ap^ - ^r^^M^A, - -^r^^^rT'' g^f,F;,Ff„. (8.3) 



^PuV — F)pAy — DyAp 

= dpAi^ — duAp^ — gC^daAi, + gC^daAp^, 

where Dp is the gravitational gauge covariant derivative, whose definition is given 
by eq. (|5.4| ). The full Lagrangian C is given by, 

C = J{C)Cq. (8.5) 
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In eq.( p^ , the definition of strength A^^ is not given by eq.( ^.2D , it is given by 

(8.4) 



The action S is defined by 

S = Jd'^x L. 



(8.6) 



The Lagrangian L can be separated into two parts: the free Lagrangian Lp and 
interaction Lagrangian Li. The exphcit forms of them are 

= _l^MP,^-Ao^.^op. - '^r]^''A^A, - Iv'^v'^'Va^F^l^Fl,, (8.7) 
+gJ{C)r'v'"'Aoi..C^do,A, 

-9^J(C)ri'^Prj'^^{C-C^id^A,){dpA,) - C-C^id^A,)id^A,)) (8.8) 

-lg'J{C)rj^'^V''^g^^iCf,dsC- - CtdsC^)C;d,C^ , 

where Aq^^, = d^Ai, — di,A^ The first three hnes of Ci contain interactions between 
vector field and gravitational gauge fields. It can be seen that the vector field can 
also directly couple to arbitrary number of gravitational gauge fields, which is one of 
the most important properties of gravitational gauge interactions. This interaction 
property is required and determined by local gravitational gauge symmetry. 

Under Lorentz transformations, group index and Lorentz index have the same 
behavior. Therefor every term in the Lagrangian C are Lorentz scalar, and the whole 
Lagrangian C and action 5" have Lorentz symmetry. 

Under gravitational gauge transformations, vector field A^ transforms as 

A,{x)^A^{x)^{UA^{x)). (8.9) 
D^A,j and A^^, transform covariantly, 

D^A, ^ D'^A!, = {tj.D^A,), (8.10) 

V^^M- = (f>cV)- (8-11) 
So, the gravitational gauge transformations of Cq and C respectively are 

£o^4 = (t>.>Co), (8.12) 
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C = J{UXo)- (8.13) 
The action of the system is gravitational gauge invariant. 

The global gravitational gauge transformation gives out conserved current of 
gravitational gauge symmetry. Under infinitesimal global gravitational gauge trans- 
formation, the vector field transforms as 

6A^ = -e'^d^A,. (8.14) 

The first order variation of action is 

5S = I d'xe'^d^Tt^, (8.15) 

where T^^ is the inertial energy-momentum tensor whose definition is, 

Tj*^ is a conserved current. The space integration of its time component gives out 
inertial energy-momentum of the system, 

H = -P,o = Jd'x J(C)(7r^ A^ +< -Co), (8.17) 
P' = P^i = jd?x J(C)(-7r^a,A^ - <9,C;), (8.18) 

where 

vr- = ^. (8.19) 
dA, 



The equation of motion for vector field is 



a,#^-9G„-"(a,Cn#f = 0. (8.20) 



From eq.( p.3|) , we can obtain 



dd^A, 



OA, 



-m^ri^^Ax. (8.22) 



42 



Then, eg. ( p.20| ) is changed into 

rj'^Prj'^^D^A,, - m^i^^^A^ = -r^^^r^'''^ {d,G'i)Ap, - gr^'^^rj''^ A^^G-''^{D^C^). (8.23) 
The equation of motion of gravitational gauge field is 

dM'v'^9a^Fxr) = -gT^a, (8-24) 
where T^^ is the gravitational energy-momentum tensor, 



-G~^P{d,C;)^ + d,{n^'n'^^g^pFtC^^) (8.25) 

Tg^ is also a conserved current. The space integration of its time component gives 
out the gravitational energy-momentum which is the source of gravitational inter- 
actions. It can be also seen that inertial energy-momentum tensor and gravitational 
energy- momentum tensor are not equivalent. 



9 Gravitational Interactions of Gauge Fields 

It is know that QED, QCD and unified electroweak theory are all gauge theories. 
In this chapter, we will discuss how to unify these gauge theories with gravitational 
gauge theory, and how to unify four different kinds of fundamental interactions for- 
mally. 

First, let's discuss QED theory. As an example, let's discuss electromagnetic 
interactions of Dirac field. The traditional electromagnetic interactions between 
Dirac field ip and electromagnetic field A^ is 

- ir/'^V'^ V^P- - i^iYid, - leA^) + m)^. (9.1) 

The Lagrangian that describes gravitational gauge interactions between gravita- 
tional gauge field and Dirac field or electromagnetic field and describes electromag- 
netic interactions between Dirac field and electromagnetic field is 

£o = - leA,) + m)^ - ir/^^r^^A^.A,. - -^i^>^p^^^ g^pF^^F^^, (9.2) 
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where is the gravitational gauge covariant derivative which is given by eg. 
and the strength of electromagnetic field is 



(9.3) 



where A^^, is given by eq. (|8.4| ) and G ^ is given by eq. (|5.16| ). The full Lagrangian 
density and the action of the system are respectively given by, 



C = JiC)Co, 



s 



d^x C. 



(9.4) 
(9.5) 



The system given by above Lagrangian has both U{1) gauge symmetry and 
gravitational gauge symmetry. Under U{1) gauge transformations, 

i/j{x) tjj'ix) = e-^'"(^V(a;), (9.6) 

A^{x) ^ A'^{x) = A^{x) - ^D^a{x), (9.7) 

C;:{x) - C'^ix) = C^^ix). (9.8) 

It can be proved that the Lagrangian C is invariant under U{1) gauge transformation. 
Under gravitational gauge transformations, 

i;{x) i;\x) = (U.ipix)), (9.9) 

A^{x) ^ A'^ix) = (U^A^ix)), (9.10) 

Cf.{x) C'^ix) = U,{x)C,{x)Ur\x) + -U,{x){d^U;\x)). (9.11) 

The action S given by eq.( |9.4| ) is invariant under gravitational gauge transformation. 

Lagrangian C can be separated into free Lagrangian Cp and interaction La- 
grangian £/, 

C = Cf + Ci, (9.12) 

where 

= -\v''r]''-Ao,.Ao,^ - ^^J{r^, + m)^ - \v'''r^''''Vc.pF^,.F^^.. (9-13) 
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Ci = CF-{J{C)-l) + ie- J{C)i)Yi^\ 

(9.14) 

-^J(C)ri^'^rj'^-G-'-G-^'^A,A^F-,F^i 
-^4j{C)r'v'"'{C^C^Ad^A,){dpA,) - C-C^^{d^A,){dpA,)) 

-y'J(C)rj^''v'"'gap(CpsC^ - c%c-)cid,cl 

The traditional Lagrangian for QCD is 

- E - WcA',^) + mn\^n - (9.15) 

where ipn is the quark color triplet of the nth flavor, A^q, is the color gauge vector 
potential, A^^u is the color gauge covariant fleld strength tensor, g^ is the strong 
coupling constant, Aq, is the Gell-Mann matrix and m„ is the quark mass of the nth 
flavor. In gravitational gauge theory, this Lagrangian should be changed into 

Co = -EnVSn[7''(^M-^^c4f)+m„]V^„-i77'^''7y'^-A;,,A;, 

(9.16) 

4'/ '/ gapJ^ ^ijJ^ pal 

where 

a;. = a;, + (9.17) 

4, = D.A'^ - D,A^^ + gJi^uA^^Al (9.18) 

It can be proved that this system has both S'f/(3)c gauge symmetry and gravita- 
tional gauge symmetry. The unifled electroweak model can be discussed in similar 
way. 

Now, let's try to construct a theory which can describe all kinds of fundamental 
interactions in Nature. First we know that the fundamental particles that we know 
are fundamental fermions(such as leptons and quarks), gauge bosons(such as photon. 



45 



gluons, gravitons and intermediate gauge bosons and Z'^), and possible Higgs 
bosons. According to the Standard Model, leptons form left-hand doublets and 
right-hand singlets. Let's denote 



</-!;" = e« , Vg'=/<H , V'i?'=TH. (9.20) 

Neutrinos have no right-hand singlets. The weak hypercharge for left-hand doublets 

■02*^ is —1 and for right-hand singlet ip^^ is —2. All leptons carry no color charge. 
In order to define the wave function for quarks, we have to introduce Kabayashi- 
Maskawa mixing matrix first, whose general form is. 





K = -S1C2 C1C2C3 - S2S3e"^ C1C2S3 + S2C3e*'' 

V S1S2 -C1S2C3 - C2S3e*^ -C1S2S3 + C2C3e*^ / 



(9.21) 



where 

Q = cos^j , Si = sin^j (i = 1, 2, 3) (9.22) 

and 9i arc generalized Cabibbo angles. The mixing between three different quarks 
d, s and b is given by 

( de \ ( d \ 

(9.23) 

Quarks also form left-hand doublets and right-hand singlets, 

„(!)« _ Ja „(2)a _ „ (3)a _ ,„ ly-^Oj 

— "6>ii — °0R Qed — "eR^ 

where index a is color index. It is known that left-hand doublets have weak isospin | 
and weak hypercharge |, right-hand singlets have no weak isospin, ^^^^"s have weak 

hypercharge | and q^J^'s have weak hypercharge — |. 



For gauge bosons, gravitational gauge field is also denoted by C°. The gluon 

A, = (9.26) 



field is denoted A^, 
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The color gauge covariant field strength tensor is also given by eg. ( P.18|) . The U{1)y 
gauge field is denoted by and SU{2) gauge field is denoted by 



F, = F^y , (9.27) 



where (j„ is the Pauli matrix. The f/(l)y gauge field strength tensor is given by 

= Bfj,„ + gG^^^BxF^^, (9.28) 

where 

B^, = D^B, - D,B^, (9.29) 
and the SU (2) gauge field strength tensor is given by 

F;:. = + gGl'^F^F^,, (9.30) 

f;^ = d^f: - d,f; + ^7.q„,„f^f-, (9.31) 

where gw is the coupling constant for SU{2) gauge interactions and the coupling 
constant for f/(l)y gauge interactions is g'^. 

If there exist Higgs particles in Nature, the Higgs fields is represented by a 
complex scalar SU{2) doublet, 

= ( ^0 ) • (9.32) 
The hypercharge of Higgs field is 1. 

The Lagrangian Lq that describes four kinds of fundamental interactions is given 
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by 



where 



4'/ '/ ^ /lu^ per 4'/ '/ ^^iv^pa 



4'/ '/ ^fiu-^pa 4' I 'I gaP-l^ iiu-'^ pa 



_ y-3 / Ajk) (j)a^ 



?{k)a . r{jk)*—{k)a 
ed + Jd led I 



The full Lagrangian is given by 



(9.33) 



(9.34) 



C = J{C)Cq. (9.35) 

This Lagrangian describes four kinds of fundamental interactions in Nature. It has 
(S't/(3) X SU{2) X U{1)) ®s Gravitational Gauge Group symmetry |^3||. Four kinds 
of fundamental interactions are formally unified in this Lagrangian. However, this 
unification is not a genuine unification. Finally, an important and fundamental 
problem is that, can we genuine unify four kinds of fundamental interactions in a 
single group, in which there is only one coupling constant for all kinds of fundamen- 
tal interactions? This theory may exist. 
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10 Classical Limit of Quantum Gravity 



In this chapter, we mainly discuss leading order approximation of quantum gauge 
theory of gravity, which will give out classical Newton's theory of gravity. 

First, we discuss an important problem qualitatively. It is know that, in usual 
gauge theory, such as QED, the coulomb force between two objects which carry like 
electric charges is always mutual repulsive. Gravitational gauge theory is also a 
kind of gauge theory, is the force between two static massive objects attractive or 
repulsive? For the sake of simplicity, we use Dirac field as an example to discuss 
this problem. The discussions for other kinds of fields can be proceeded similarly. 

Suppose that the gravitational field is very weak, so both the gravitational field 
and the gravitational coupling constant are first order infinitesimal quantities. Then 
in leading order approximation, both inertial energy-momentum tensor and gravi- 
tational energy-momentum tensor give the same results, which we denoted as 

T^ = i,^^d^ilj. (10.1) 

The time component of the current is 

r° = = ^tp^^. (10.2) 

Its space integration gives out the energy-momentum of the system. The interaction 
Lagrangian between Dirac field and gravitational field is given by eq.(^. After 
considering the equation of motion of Dirac field, the coupling between Dirac field 
and Gravitational gauge field in the leading order is: 

^ gTi^C;. (10.3) 

The the leading order interaction Hamiltonian density is given by 

Uj ^ -Li ^ -g^Cl. (10.4) 

The equation of motion of gravitational gauge field in the leading order is: 

dy^d^{rr^i]^pC^,) - d'd'^ivapC^,) = -qT:. (10.5) 

As a classical limit approximation, let's consider static gravitational interactions 
between two static objects. In this case, the leading order component of energy- 
momentum tensor is Tq , other components of energy-momentum tensor is a first 
order infinitesimal quantity. So, we only need to consider the equation of motion of 
z/ = a = of eq.( |10.5|) , which now becomes 



dxd^C^Q - d^d^Cl = ~gT^. (10.6) 
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For static problems, all time derivatives vanish. Therefor, the above equation is 
changed into 

V^C° = -gT^. (10.7) 

This is just the Newton's equation of gravitational field. Suppose that there is only 
one point object at the origin of the coordinate system. Because Tq is the negative 
value of energy density, we can let 



Applying 

with r = I X I , we get 



^0° = -M5(x). (10.8) 

V^- = -4TTd(x), (10.9) 
r 

CS=-g£. (10.10) 

This is just the gravitational potential which is expected in Newton's theory of grav- 
ity. 

Suppose that there is another point object at the position of point x with mass 
m. The gravitational potential energy between these two objects is that 

V{r) ^ jd'yUi^-gJ d?yT%{x)Cl (10.11) 

with Cq is the gravitational potential generated by the first point object, and T2 q 
is the (0, 0) component of the energy- momentum tensor of the second object, 

T^G{y)^-m5{y -x). (10.12) 
The final result for gravitational potential energy between two point objects is 

y« = -^. (10.13) 

The gravitational potential energy between two point objects is always negative, 
which is what expected by Newton's theory of gravity and is the inevitable result of 
the attractive nature of gravitational interactions. 

The gravitational force that the first point object acts on the second point object 

is 

f- -V^(r) = -^f, (10.14) 

where r —r /r. This is the famous formula of Newton's gravitational force. There- 
fore, in the classical limit, the gravitational gauge theory can return to Newton's 
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theory of gravity. Besides, from eq.( |10.1'| ), we can clearly see that the gravitational 
interaction force between two point objects is attractive. 



Now, we want to ask a problem: why in QED, the force between two like electric 
charges is always repulsive, while in gravitational gauge theory, the force between 
two like gravitational charges can be attractive? A simple answer to this fundamen- 
tal problem is that the attractive nature of the gravitational force is an inevitable 
result of the global Lorentz symmetry of the system. Because of the requirement 
of global Lorentz symmetry, the Lagrangian function given by eq. ( |5.31| ) must use 



ga/3 , can not use the ordinary 5-function 6a/3- It can be easily prove that, if we use 
6ai3 instead of ga/s in eq.( |5.31| ), the Lagrangian of pure gravitational gauge field is 
not invariant under global Lorentz transformation. On the other hand, if we use 
6ai3 instead of ria/3 in eq.( ^.31D , the gravitational force will be repulsive which ob- 
viously contradicts with experiment results. In QED, 6ab is used to construct the 
Lagrangian for electromagnetic fields, therefore, the interaction force between two 
like electric charges is always repulsive. 

One fundamental influence of using the metric Qa/B in the Lagrangian of pure 
gravitational field is that the kinematic energy term of gravitation field is always 



negative. According to eq.( [5.31D , the free lagrangian of pure gravitational gauge 
field is 

CoF = -Iv^'v^^VapF^uFH^. (10.15) 

In above relation, rj'^^ is negative which causes that the kinematic energy of gravi- 
tation field C° is negative. This result is novels, but it is not surprising, for gravi- 
tational interaction energy is always negative. In a meaning, it is the reflection of 
the negative nature of graviton's kinematic energy. Though the kinematic energy 
term of gravitation field C° is always negative, the kinematic energy term of gravi- 
tation field is always positive. The negative energy problem of graviton does not 
cause any trouble in quantum gauge theory of gravity. Contrarily, it will help us to 
understand some puzzle phenomena of Nature. From theoretical point of view, the 
negative nature of graviton's kinematic energy is essentially an inevitable result of 
global Lorentz symmetry. Global Lorentz symmetry of the system, attractive na- 
ture of gravitational interaction force and negative nature of graviton's kinematical 
energy are essentially related to each other, and they have the same origin in nature. 

In general relativity, gravitational field obeys Einstein field equation, which is 
usually written in the following form, 

R^lu - ]^9iivR + >^9t,u = -8nGT^^, (10.16) 
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where R^^, is Ricci tensor, R is curvature, G is Newton gravitational constant and 
A is cosmology constant. The classical limit of Einstein field equation is 



V2(?oo = -SttGToo. 
Compare this equation with eq.( |10.7| ) and use eq.( |5.20| ), we get 

= A-nG. 

In order to get eq.( |10.l8 ), the following relations are used 

Too = -T°, (?oo--(l + 2^?C°). 



(10.17) 
(10.18) 
(10.19) 



In general relativity, Einstein field equation transforms covariantly under gen- 
eral coordinates transformation, in other words, it is a general covariant equation. 
In gravitational gauge theory, the system has local gravitational gauge symmetry. 
From mathematical point of view, general coordinates transformation is equivalent 
to local gravitational gauge transformation. Therefore, it seems that two theories 
have the same symmetry. On the other hand, both theories have global Lorentz 
symmetry. 



11 Path Integral Quantization of Gravitational 
Gauge Fields 

For the sake of simplicity, in this chapter and the next chapter, we only discuss pure 
gravitational gauge field. For pure gravitational gauge field, its Lagrangian function 
is 

C = ^^r^'^Pr^'^-g^^JiOF^^F^^. (11.1) 
Its space-time integration gives out the action of the system 




This action has local gravitational gauge symmetry. Gravitational gauge field 
has 4 X 4 = 16 degrees of freedom. But, if gravitons are massless, the system has 
only 2x4 = 8 degrees of freedom. There are gauge degrees of freedom in the theory. 
Because only physical degrees of freedom can be quantized, in order to quantize the 
system, we have to introduce gauge conditions to eliminate un-physical degrees of 
freedom. For the sake of convenience, we take temporal gauge conditions 

C° = 0, (a = 0,1, 2, 3). (11.3) 
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In temporal gauge, the generating functional W[J] is given by 

W[J] = nJ [DC] {y[^{CS{x))^ exp J d'x{C + Jl^C"^), } (11.4) 

where is the normalization constant, is a fixed external source and [DC] is the 
integration measure, 

3 3 

m = n n n (^dc^°(r,)/v^) . (n.s) 

11=0 a=0 j 

We use this generation functional as our starting point of the path integral quanti- 
zation of gravitational gauge field. 

Generally speaking, the action of the system has local gravitational gauge sym- 
metry, but the gauge condition has no local gravitational gauge symmetry. If we 
make a local gravitational gauge transformations, the action of the system is kept 
unchanged while gauge condition will be changed. Therefore, through local gravita- 
tional gauge transformation, we can change one gauge condition to another gauge 
condition. The most general gauge condition is 

r(C(x))-v."(x) = 0, (11.6) 

where (p"{x) is an arbitrary space-time function. The Fadeev- Popov determinant 
A f{C) is defined by 

A-f\C)^ [[Dg]l[6{n^C{x))-^'^{x)), (11.7) 

x,a 

where g is an element of gravitational gauge group, ^C is the gravitational gauge field 
after gauge transformation g and [Dg] is the integration measure on gravitational 
gauge group 

[Vg] = l[d'eix), (11.8) 

X 

where e(x) is the transformation parameter of Ue- Both [Dg] and [DC] are not 
invariant under gravitational gauge transformation. Suppose that, 

[Digg')] = Mg')[Dg], (11.9) 

[D^C] = Mg)[DC]. (11.10) 
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Ji{g) and J2{g) satisfy the following relations 

Mg)-Mg~') = l, (11.11) 

■Mg) ■ J2ig~') = 1. (11.12) 

It can be proved that, under gravitational gauge transformations, the Fadeev- Popov 
determinant transforms as 

A^\^'C) = J^\g')A-f\C). (11.13) 



Insert eq.( |11.7| ) into eg. ( |11.4| ), we get 

W[J] = NJ[Vg]J[VC] [n.,,5(Q(y))]-A^(C) 

■ Up,J{f^mz))-^^{z))]-exp{tJd'x{C + JliCp}. 
Make a gravitational gauge transformation, 

C{x) ^''C{x), 

then, 

3C(x) ^ ^^"'C(x). 
After this transformation, the generating functional is changed into 

W[J] = NJ[Dg]J[DC] Mg)J2{g-')-[Ua,yS{'''C^{y))]-MC) 
Hft, S{f{C{z)) - v^{z))] . exp {z J d'x{C + JH -s-'C-)} 



[ll.U) 



[11.15) 
:il.l6) 

^11.17) 



Suppose that the gauge transformation go{C) transforms general gauge condi- 
tion f^{C) — = to temporal gauge condition Cq = 0, and suppose that this 
transformation go{C) is unique. Then two 5-functions in eg. ( |11.17D require that the 
integration on gravitational gauge group must be in the neighborhood of gQ^{C). 
Therefore eq.( |11.17D is changed into 



W[J] = NJ[VC] AfiC)-[Up^Jif'^iCiz))-^^iz)) 
■exp {i J Sx{C + ■^°C';?)} 



[11.18) 
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The last line in eq. (|11.18| ) will cause no trouble in renormalization, and if we consider 
the contribution from ghost fields which will be introduced below, it will becomes 
a quantity which is independent of gravitational gauge field. So, we put it into 
normalization constant N and still denote the new normalization constant as A^. 
We also change ^°C^ into J^C^, this will cause no trouble in renormalization. 
Then we get 

W[J] = NJ[VC] AfiC)-[Ufs,Jif{C{z))-^^iz))] 

■exp{iJd^xiC + J^C;^)}. ^ ' 

In fact, we can use this formula as our start-point of path integral quantization of 
gravitational gauge field, so we need not worried about the influences of the third 
lines of eq.( |11.18] ). 



Use another functional 

expj-^ / d'a;r/,^</'-(x)(^^(x)| , (11.20) 
times both sides of eq.( |11.19| ) and then make functional integration J [Dip], we get 
W[J] = nJ [DC] Af{C) ■ exp J d'x{C - ^Vaf^Ff + 4^^^^)} • (11-21) 

Now, let's discuss the contribution from A/(C) which is related to the ghost fields. 
Suppose that g = is an infinitesimal gravitational gauge transformation. Then 
eq. (|5.12|) gives out 

'C;:{x) = C;(x) - (11.22) 

where 

, = 6:d, - gd^C^^dp + gd.C;. (11.23) 
In order to deduce eq. ( p,1.2^ ), the following relation is used 

A-^ = 5| + 5;3e" + o(e'). (11.24) 

can be regarded as the covariant derivate in adjoint representation, for 

D^e=[D^ , e], (11.25) 

(D^e)- = D; (11.26) 
Using all these relations, we have, 

r{'C{x)) = nC) - - / d^ /^°^^/f^ Dg ^{y)e^{y) + o(e^). (11.27) 
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Therefore, according to eg. ( |11-7| ) and eq.( |11.6| ), we get 



Define 



(11.29) 



^11.30) 



Then eg .( p. 1.2^ ) is changed into 

^-f\C) = ![Ve]U.^^S{-l!d'yM"^ix,y)e%y) 

= const. X {detM.y^. 

Therefore, 

A/(C) = const. X c/etM. (11.31) 

Put this constant into normahzation constant, then generating functional eg. ( |11.2lD 
is changed into 

W[J] = N j [VC] defM ■ exp |z J - ^VapFf + J^C^)] ■ (11-32) 



In order to evaluate the contribution from detM., we introduce ghost fields rj^lx) 
and fia{x). Using the following relation 

J [VT]][Vf]]exp |z J d^xd^y r/a(a;)M"^(a;, y)/(?/)| = const, x detM (11.33) 

and put the constant into the normalization constant, we can get 

W[J] =N j [VC][Vri\[Vn]exp j d'x{C - ^VapFf + vMr] + J^^C^) 

where / d'^xfj'M.rj is a simplified notation, whose explicit expression is 

J d^xf]Mr] = J d'^xd^y r/c.(x)M°^(x, y)/(?/). (11.35) 

The appearance of the non-trivial ghost fields is a inevitable result of the non-Able 
nature of the gravitational gauge group. 



^11. 34) 
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[X . 



Now, let's take Lorentz covariant gauge condition, 
Then 

J d^xf]Mr] = - Jd^x id^'f]^{x)) D;^ p{x)r]^ 
And eg. ( p. 1. 34]) is changed into 

W[J,PJ] = NJ[VC][Vr]][Vr]]exp{iJd^x{C-^r]^prf 

where we have introduced external sources ri°'{x) and fjaix) of ghost fields. 
The effective Lagrangian >Ce// is defined by 

Ceff can separate into free Lagrangian Cp and interaction Lagrangian £/, 
where 



^1L36) 



^11.38) 



(11.39) 



^11.40) 



:ii.4r 



+9J{C)r'v'"'9ap{d,C^ - d,C-)CldsCP 



[IIA2) 



From the interaction Lagrangian, we can see that ghost fields do not couple to J{C). 
This is the refiection of the fact that ghost fields are not physical fields, they are 
virtual fields. Besides, the gauge fixing term does not couple to J{C) either. Using 
effective Lagrangian Cejf, the generating functional W[J,P,/3] can be simplified to 



W[J,P,P] = N [VC][Vr]][Vr]]exp\z d^x{Ceff + J^C^ + VaP"" + PaV" 



(11.43) 
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Use eg. ( p.l.41| ), we can deduce propagator of gravitational gauge fields and ghost 
fields. First, we change its form to 



a 



Vap Iv^'d^ - (1 - -)d^d-) Cj^ + nad^t \ ■ (11-44) 



Denote the propagator of gravitational gauge field as 

and denote the propagator of ghost field as 

They satisfy the following equation, 

- {r^^^'d' - (1 - \Wd^)\ Ap^^ix) = 5{x)5lS^^, 

-d'A%ix) = 5'^,5{x). 
Make Fourier transformations to momentum space 



i2n) 



4 A^^ (k) ■ e 



ikx 



:il.45) 
^11.46) 

^11.47) 
^11.48) 

^11.49) 
^11.50) 



.a/3 



where Ap^u (^) A^?^ {k) are corresponding propagators in momentum space. 
They satisfy the following equations. 



k 7] 



a 



-)k''k' 



'01 



Ap., (k) = 616^^, 



[11.51] 



k^ App (k) = 6^. (11.52) 
The solutions to these two equations give out the propagators in momentum space. 



k"^ — ie 



Vtiu - (1 - a) 



k^ky 
k"^ — ie' 



i App (k) 



—I 



k^-ie^- 



11.53) 



^11.54) 
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It can be seen that the forms of these propagators are quite similar to those in tra- 
ditional non-Able gauge theory. The only difference is that the metric is different. 




Then eq.( |11.4j ) is changed into, 



N S[DC] [Vt]] [Vf]] exp {i J d'^xCiiC, r], f])} 



■exp {t J d'^xiCp + JHC^ + r7„r + ^aV"")} 
exp{zJd'xCjC,^,]^^,^^f^)}.Wo[J,f3rP], 



(11.56) 



where 



Wo[J,f3j] = NJ[VC][V7]][Vr]]exp{tJd''x{CF + j;iC^ + r]^f3'' + ^^r)} 
= exp{yj d'xd'y [jli{x)Af^,{x - y)rp{y) 



Finally, let's discuss Feynman rules. Here, we only give out the lowest order 
interactions in gravitational gauge theory. It is known that, a vertex can involve 
arbitrary number of gravitational gauge fields. Therefore, it is impossible to list all 
Feynman rules for all kinds of vertex. 

The interaction Lagrangian between gravitational gauge field and ghost field is 



The lowest order interaction Lagrangian between gravitational gauge field and Dirac 
field is 



+ r]a{x)A'^p{x - y)v^{y)] } 



(11.57) 




(11.60) 



59 



This vertex belongs to C^{k)ip{q)ip{p) three body interactions, its Feynman rule is 

- g-f'^Pa + QvLYPu - imgS^. (11.61) 

The lowest order interaction Lagrangian between gravitational gauge field and real 
scalar field is 

gr}^^C^{d,cl>){d^cl>) - +m2(/)2). (11.62) 

This vertex belongs to C^{k)4>{q)4>{p) three body interactions, its Feynman rule is 

- igrj'^''{p^qa + QuPa) - ig^'^i-p'^Qu + m^). (11.63) 

The lowest order interaction Lagrangian between gravitational gauge field and com- 
plex scalar field is 

gr^^^C';:{{d^cj>){d.cj>*) + {d^<t>*){d.ct>)) - ^<5^C;((a»(a.0*) + m^cj>*). (11.64) 

This vertex belongs to C^{k)4)* {—q)4){p) three body interactions, its Feynman rule 
is 

igV^'^iPuQa + quPa) - igS^ip'^Qu + m^). (11.65) 
The lowest order couphng between vector field and gravitational gauge field is 

(11.66) 

+(g5^Cl)(-\ri'^''ri^''Ao^,Aop, - rfn'^-A^A,), 

where 

Ao^. = d^A, - d,A^. (11.67) 

This vertex belongs to C'^{k)Ap{p)Afj{q) three body interactions. Its Feynman rule 
is 

-igv^'^v^'^iPpqa+Paqp) + igv^^v'^'^ppqa + igv^^v^^qpPa 

+ '^gKn^^r]P'^{pxqp + qxPp) (11-68) 

^igS^rjp^rj'^'^p^qp - yS^v'^'V^'^QuPp - igm^S^rjf^. 
The lowest order self couphng of gravitational gauge fields is 

gr'v'"'Vap[{d,C-)C^p^{df,,C^,) - {d,C-)C^/{df,,C^p)] 

(11.69) 
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This vertex belongs to C^{p)C^{q)C'^{r) three body interactions. Its Feynman rule 
is 

-ig[r]^'Pr]''^r]ap{p^q^ + q^p^) + V^^V^^VayiPurp + r^pp) 

+ig[r)f^^r)''Pr]apP^,qj + r^'^'r^^'^r^a/j^^.p^ + r)^''r]''''r)o,^p^rp 
+V'"'v'"'Va'yr^Pp + v'"'v'"'Vf3jqnra + v'^^V^'V^-yr^qa] (11.70) 

It could be found that all Feynman rules for vertex is proportional to energy- 
momenta of one or more particles, which is one of the most important properties of 
gravitational interactions. In fact, this interaction property is expected for gravita- 
tional interactions, for energy-momentum is the source of gravity. 

12 Renormalization 

In gravitational gauge theory, the gravitational coupling constant has the dimension- 
ality of negative powers of mass. According to traditional theory of power counting 
law, it seems that the gravitational gauge theory is a kind of non-renormalizable 
theory. But this result is not correct. The power counting law does not work here. 
General speaking, power counting law does not work when a theory has gauge sym- 
metry. If a theory has gauge symmetry, the constraints from gauge symmetry will 
make some divergence cancel each other. In gravitational gauge theory, this mech- 
anism works very well. In this chapter, we will give a strict formal proof on the 
renormahzation of the gravitational gauge theory. We will find that the effect of 
renormalization is just a scale transformation of the original theory. Though there 
are infinite number of divergent vertexes in the gravitational gauge theory, we need 
not introduce infinite number of interaction terms that do not exist in the origi- 
nal Lagrangian and infinite number of parameters. All the divergent vertex can 
find its correspondence in the original Lagrangian. Therefor, in renormalization, 
what we need to do is not to introduce extra interaction terms to cancel divergent 
terms, but to redefine the fields, coupling constants and some other parameters 
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of the original theory. Because most of counterterms come from the factor J{C), 
this factor is key important for renormahzation. Without this factor, the theory is 
non-renormahzable. In a word, the gravitational gauge theory is a renormalizable 
gauge theory. Now, let's start our discussion on renormahzation from the generalized 
BRST transformations. Our proof is quite similar to the proof of the renormaliz- 
ablility of non-Able gauge field theory. ||33|, ^ ^ ^ ^ 



The generalized BRST transformations are 

= -D^ ^/5A, (12.1) 

5r/" = (7r/'^(9.r7")5A, (12.2) 

= -Vapf6X, (12.3) 
a 

67]^"" = 0, (12.4) 

^9af^ = 9 iaaaidpr]") + QapidaV") + ^"(^a^a/?)) ^A, (12.5) 

where 5 A is an infinitesimal Grassman constant. It can be strict proved that the 
generalized BRST transformations for fields C° and r/" are nilpotent: 

5(D^ pT,^) = 0, (12.6) 

6{r]"{d^r]")) = 0. (12.7) 
It means that all second order variations of fields vanish. 

Using the above transformation rules, it can be strictly proved the generalized 
BRST transformation for gauge field strength tensor is 

= g (-(9.r^")F;, + v^'id^Pp) 6X, (12.8) 

and the transformation for the factor J{C) is 

5J(C) = g {{d^t)J{C) + t{dc.J{C))) S\. (12.9) 

Therefore, under generalized BRST transformations, the Lagrangian C given by 



eq. (|ll.l|) transforms as 

SC = g{da{tC))5\. (12.10) 

It is a total derivative term, its space-time integration vanish, i.e., the action of 
eq.( |11.2| ) is invariant under generalized BRST transformations. 



6{J d^xC) =6S = 0. (12.11) 
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On the other hand, it can be strict proved that 



S ( -^Va^rf + Vad'^K ) = 0. (12.12) 



The non-renormahzed effective Lagrangian is denoted as C}(,ff- It is given by 

1 

2^ 

The effective action is defined by 



s':if = d^-^':if (12.14) 



Using eqs.( p.l.lT] - |12.12|) , we can prove that this effective action is invariant under 



generahzed BRST transformations, 

6S^^}f = 0. (12.15) 

This is a strict relation without any approximation. It is known that BRST symme- 
try plays key role in the renormalization of gauge theory, for it ensures the validity 
of the Ward-Takahashi identity. 

Before we go any further, we have to do another important work, i.e., to prove 
that the functional integration measure [DC] [Drj] [Dfj] is also generalized BRST in- 
variant. We have said before that the functional integration measure [DC] is not a 
gauge invariant measure, therefore, it is highly important to prove that [DC] [Dt]] [Dfj] 
is a generalized BRST invariant measure. BRST transformation is a kind of trans- 
formation which involves both bosonic fields and fermionic fields. For the sake 
of simplicity, let's formally denote all bosonic fields as B = {Bi} and denote all 
fermionic fields as F = {Fi}. All fields that are involved in generalized BRST trans- 
formation are simply denoted by {B,F). Then, generalized BRST transformation 
is formally expressed as 

{B,F) ^ iB',F'). (12.16) 
The transformation matrix of this transformation is 



3 " I 



where 




:i2.i8i 
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«^(||). (12.20) 

Matrixes a and 6 are bosonic square matrix while a and /3 generally are not square 
matrix. In order to calculate the Jacobian det{J). we realize the transformation 
( p.2.16| ) in two steps. The first step is a bosonic transformation 

iB,F) ^ iB',F). (12.22) 

The transformation matrix of this transformation is denoted as Ji, 



a — ab ah ^ 

Its Jacobian is 



^1 = ^ . (12.23) 



det Ji = det{a - ab~^(3). (12.24) 

Therefore, 

[l[dBil[dFk= [l[dBlY[dFk-detia-ab-^(3). (12.25) 

i k •' i k 

The second step is a fermionic transformation, 

{B',F) {B',F'). (12.26) 

Its transformation matrix is denoted as J2, 

Its Jacobian is the inverse of the determinant of the transformation matrix, 

{det J2Y^ = (det b)-\ (12.28) 
Using this relation, eq. (|12.25|) is changed into 

/ Hd^'IId^fc = / nd^illd^fc ■ ^et(a - ab-^f3){det b)~\ (12.29) 

i k i k 

For generalized BRST transformation, all non-diagonal matrix elements are pro- 
portional to Grassman constant 6X. Non-diagonal matrix a and f3 contains only 
non-diagonal matrix elements, so, 

ab-^f3 oc {6Xy = 0. (12.30) 
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It means that 

/ nd^^IId^fc = / li^BlUdF;^ ■ det{a) ■ [det b)-\ (12.31) 

i k i k 

Generally speaking, and d^C^ are independent degrees of freedom, so are rj" and 
(9^7]". Using eqs.( |12.l| - |12.3|) , we obtain 

{det a-i) = det [{5^ + g{dpr]'')5\)5ii' 

= n,,a,. m + g{do.v")SX)Si^] (12.32) 

(detb-^) = det{6'^ + g{dpr]'')6X) 

(12.33) 

In the second line of eq. (|12.32|) , there is no summation over the repeated a index. 
Using these two relations, we have 

det{a) ■ {det by^ = [] 1 = 1. (12.34) 

X 

Therefore, under generalized BRST transformation, functional integrational mea- 
sure [PC] [P?7] [P?;] is invariant, 

[VC][Vri][VT]] = [VC'][Dri'][VT]']. (12.35) 

Though both [DC] and [Drj] are not invariant under generalized BRST transforma- 
tion, their product is invariant under generalized BRST transformation. This result 
is interesting and important. 

The generating functional W^^^ [J] is 

lyM [J]=nJ [DC] [Dr]] [Vr]]exp |^ J d^x{C^^}f + J^C;)| . (12.36) 

Because 

ldr]^dr]'^-T]''-firi,f])=0, (12.37) 
where firj^ff) is a bilinear function of r] and f/, we have 

j [DC][Vrf^m ■ ■ exp J d'y{C^}f{y) + J^C^iy))] = 0. (12.38) 
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If all fields are the fields after generalized BRST transformation, eg. ( |1 2 .381 ) still 
holds, i.e. 

/ [DC] M [Vn'] ■ r{x) ■ exp [^ J d%{cTMy) + JMC^iv))] = 0, (12.39) 

where C'j!jj is the effective Lagrangian after generalized BRST transformation. Both 

functional integration measure and effective action / d'^yC'j!fj{y) are generalized 
BRST invariant, so, using eqs.( |12.1| - |12.3|) , we get 



[y^{C{x))6X~tr{C{x))Jd'z{Ji;{z)I)^^,{z)v'^{z)6X) 
■exp{zJd'y{C%{y) + JMC^iy))} = 0. 

(12.40) 

This equation will lead to 
where 

J] = m J[VC][Vr]][Vr]]r{xW{y)expi^t J d^;.(4°j^ + J^C;)| . 

(12.42) 

This is the generalized Ward-Takahashi identity for generating functional W^t'^'fJ]. 

Now, let's introduce the external sources of ghost fields, then the generation 
functional becomes 

M/M [J, P,P]=nI [DC] [Vr]] [Dn]exp |« j d^^xicf^f + J^C^ + r/,/?" + ^„r/^ 

(12.43) 

In renormalization of the theory, we have to introduce external sources Kl^ and 
of the following composite operators, 

KpV" , gv^^d^r)- (12.44) 
Then the effective Lagrangian becomes 

£'°\c,r7,r/,ir,L) = £ - ^^^^^/"//^ + r/,a^D^ ^r/'^ + iT^D^^r/^ + ^?L,r/'^(9.r/") 

= 4°j^ + ir^D°^r^/^ + ^?L„r/'^(9.r^°). 

(12.45) 
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Then, 



S ° [C, 7], V, K,L] = J d^xC ° {C, 7], f], K, L). (12.46) 
It is easy to deduce that 

5 S 



~[0] 

5 S ^ 

6 La 

The generating functional now becomes. 



= (12.47) 
gV^'idaV'^)- (12.48) 



[J, (3, P,K,L] = nJ [DC] [Vt]] [Vff\exp j d^x(£ ° + J^C° + r/„/3" + ^„r/" 

(12.49) 



In previous discussion, we have already proved that Sgj^ is generahzed BRST in- 
variant. External sources K'^ and La keep unchanged under generalized BRST 
transformation. Using nilpotent property of generalized BRST transformation, it is 

easy to prove that the two new terms J^^D^^r]^ and gLarj'^idcrf]'^) in C are also 
generalized BRST invariant, 

5(ir^D^y ) = 0, (12.50) 

6{gLaV''{d.v'")) = 0. (12.51) 
Therefore, the action given by ( |12.46| ) are generalized BRST invariant, 

~[o] 

6S =0. (12.52) 

It gives out 



/ d'x \ -(D^^r//^(x))5A^ + gr{x){d^ii'^{x))6X,^^^^^ 



^12.53) 



+ir(c(x))a^}s° = o. 

Using relations ([iOTI - [TOSl) , we can get 

^[0] ^[0] ^[0] ^[0] ^[o; 

0Aa(a:;) d6^(x) oLa[x) dri°'{x) a orja\x) 



On the other hand, from ( |12.45| - |12.46| ), we can obtain that 



J^ = a^(D>^W). (12.55) 
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Combine (|T2]4^) with ([T235D , we get 



6S 



6S 



^12.56) 



In generation functional W^'"' [J, /5, /3, i^', L], all fields are integrated, so, if we set 
all fields to the fields after generalized BRST transformations, the final result should 
not be changed, i.e. 

H>™ [J, /3, ir, L] = AT / [VC] [Vi] [Vn'] 

(12.57) 

■ exp [i J d4a;(/:M(C", r]', r/', K, L) + J^^C'^ + f]'J^ + M'')] ■ 



Both action (|12.46|) and functional integration measure \DC] [Pr/] \Dri\ are generalized 



BRST invariant, so, the above relation gives out 

r / ~[o] _ ~[o] \ ^ 

s[vc] m m |z / d^x (^4^^ - ^.fe) + j I 

■exp [i J dM^^'^KC, r/, n, K, L) + J/^C^ + ^^13" + ^,77°) } = 0. 



;i2.58) 



On the other hand, because the ghost field rfa was integrated in VTI"! [J, /?, /3, /sT, L], 
if we use fj'^ in the in functional integration, it will not change the generating func- 
tional. That is 



^12.59) 



W [J,(3,'P,K,L] = Nj[VC][Vrf^[Vf)'] 

■ exp {i J d4x(/:M(C, T], f]', K, L) + J^C^ + f]'J^ + ^,r/")} . 
Suppose that 

C = ^« + ^Va. (12.60) 
Then ( [T239| ) and [ fT^ ] will gives out 

.[0] 



![VC][Vri\[Vn] |/d4x5r^„(3g(^ + r(x))^ 
•exp {2 / d4i/(/:[°l(C, r^, r/, iT, L) + J^C^ + r/„/3" + P^r)} = 0- 



:i2.6r 
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Because Srja is an arbitrary variation, from (|12.61|) , we will get 



^ ' (12.62) 

■exv [i I d^y{C^^KC, r/, n, K, L) + J^C^ + ^^13^ + Bar)} = 0- 

The generating functional of connected Green function is given by 

[J,/?,^,i^,L] = -I In [J,/3,^,ir,L]. (12.63) 

After Legendre transformation, we will get the generating functional of irreducible 

~[o] 

vertex r [C,r],r],K,L\^ 

~[o] ~[o] 
r [C,n,V,K,L\ = Z [J,f3,l3,K,L] 



^12.64) 



Functional derivative of the generating functional Z gives out the classical fields 
C^, r and f]a, 

6 Z 
5JlL 



CI = -jV' (12-65) 



= (12.66) 



a 



= ~- (12-67) 

~[0] 

Then, functional derivative of the generating functional T gives out external sources 
J^, and 

~[0] 

6 r 



-JH, 12.68 



^ = (12-69) 

~[01 

St 
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(12.70) 



Besides, there are two other relations which can be strictly deduced from (|12.64|) , 



6T 


6 Z 






s r 


~[0] 

5 Z 


5La 


5 La 



(12.71) 
(12.72) 



It is easy to prove that 



(12.73) 



~[0] 

I SS 



^exp {t J d^C^^KC, V, V, K, L) + J^C" + r/^^ + 



(12.74) 



Use these two relations, we can change (|12.58|) into 



■exp {i J d^2/(/:M(C, r], n, K, L) + J^C" + r^^^ + /3a^")} = 0. 

(12.75) 

Using relations ( |12.68| - |12.70| ) and definition of generating functional ( |12.57| ), we 



can rewrite this equation into 

~ [0] ~[0] ~ [0] ~[0] ~[0' 

^ SKi^{x) SC^ix) SLa{x) Sr{x) a '""^ ^ i SJ^ix) ' Sf]„{x) ^ 

'(12.76) 

Using ( |12.63| ), we can obtain that 

~[0] ^[0] 

^'^ (12.77) 



SKli{x) SK&ix) 



sw 5 r ~ [0] , , 

SLa{x) SLa{x) 
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Then (|12.76|) is changed into 
6T ST 



6T 6t i 6t 
+ -Vaaf 



0. 



(12.79) 



Using ([I236|) and ( [1273D , ( ^JMl becomes 

■exp {t J d^y{C^'^ (C, V, V, K, L) + J^C^ + r/„/3° + ^,r/°) } = 0. 



(12.80) 



In above equation, the factor —id^ sK^{x) /^"(^) can move out of functional inte- 
gration, then ( |12:80D gives out 



6T 



6T 



6K^{x) Sr]a{x)' 
In order to obtain this relation, ( |12.57| ), ( |12.77| ) and ( |12.70| ) are used. 



Define 



f M [C, V, K, L] =r °' [C, V, r^,K,L] + ^J d'xv.f^rf 
It is easy to prove that 



5fM 


5T 


SKti{x) 


5K&{x) 




St 


SLa{x) 


SLa{x) ' 




~[0] 

6T 


Sri°'{x) 


6ri°'{x) ' 


5fM 


~[0] 

5r 



(5?7„(x) 5?7a(x)' 



6C-{x) 6C-{x) a 
Using these relations, ( |12.81| ) and ( |12.79| ) are changed into 

5fM 5fM 



6Ka{x) 6r]a{x)' 
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(12.81) 



(12.82) 

(12.83) 
(12.84) 
(12.85) 
(12.86) 
(12.87) 

(12.88) 



.r^M/ ^ / N + .r / N . / N = 0- 12.89 



Eqs. (|12.88| - |12.89|) are generalized Ward-Takahashi identities of generating func- 



tional of regular vertex. It is the foundations of the renormalization of the gravita- 
tional gauge theory. 

Generating functional F is the generating functional of regular vertex with 

~[o] 

external sources, which is constructed from the Lagrangian L^.^^- It is a functional 
of physical field, therefore, we can make a functional expansion 

.[0] 



I r .5^ <;"r I 

^ ^" J 5*7/31 (yi)<5'?'^2fe2) 5C7;i(xi)...5C^;^(x„) lc^=^=^=o (12.90) 
• nfiAyxW'{V2)Cl\{x^) ■ • ■C-^(x„)d4i/id^i/2d^Xi ■ ■■d'xn 

+ ■■■. 

In this functional expansion, the expansion coefficients are regular vertexes with 
external sources. Before renormalization, these coefficients contain divergences. If 
we calculate these divergences in the methods of dimensional regularization, the 
form of these divergence will not violate gauge symmetry of the theory]^, ^ 



In other words, in the method of dimensional regularization, gravitational gauge 
symmetry is not violated and the generating functional of regular vertex satisfies 
Ward-Takahashi identities (|12.88 - 12.89 ). In order to eliminate the ultraviolet 



divergences of the theory, we need to introduce counterterms into Lagrangian. All 
these counterterms are formally denoted by 6C Then the renormalized Lagrangian 
is 

Ceff=Celf (12.91) 

Because SC contains all counterterms, Ceff is the Lagrangian density after complete 
renormalization. The generating functional of regular vertex which is calculate from 
Ceff is denoted by T- The regular vertexes calculated from this generating functional 

F contain no ultraviolet divergence anymore. Then let external sources Kj^ and 
vanish, we will get generating functional F of regular vertex without external sources, 

r =r \k=l=o. (12.92) 

The regular vertexes which are generated from F will contain no ultraviolet di- 
vergence either. Therefore, the S-matrix for all physical process are finite. For 
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a renormalizable theory, the counterterm 5C only contain finite unknown parame- 
ters which are needed to be determined by experiments. If conterterm 5C contains 
infinite unknown parameters, the theory will lost its predictive power and it is con- 
ventionally regarded as a non-renormalizable theory. Now, the main task for us is 
to prove that the conterterm 5C for the gravitational gauge theory only contains a 
few unknown parameters. If we do this, we will have proved that the gravitational 
gauge theory is renormalizable. 

Now, we use inductive method to prove the renormalizability of the gravita- 
tional gauge theory. In the previous discussion, we have proved that the generating 
functional of regular vertex before renormalization satisfies Ward-Takahashi identi- 
ties ( |12.88| - |12.89|) . The effective Lagrangian density that contains all counterterms 



,[L] ~[L] 

which cancel all divergences of /-loops (0 < / < L) is denoted hy C ■ V is the gen- 

erating functional of regular vertex which is calculated from C . The regular vertex 

which is generated by r will contain no divergence if the number of the loops of 
the diagram is not greater than L. We have proved that the generating functional 

r satisfies Ward-Takahashi identities if L = 0. Hypothesis that Ward-Takahashi 
identities are also satisfied when L = N, that is 

^fi^] sm 

4 [ 6m 6m 6m^ 6m^ \ _ 

\6Kii{x) 6C^ix) ^ 6L^ix) 5r/°(x) J ~ ^^^'^^^ 
Our goal is to prove that Ward-Takahashi identities are also satisfied when L = 

Now, let's introduce a special product which is defined by 



6A 6B 6A 6B 

6K&{x) 6C^{x) ^ 6L^{x) 6r{x) 



A*B^ ld'x{ ^^^^^^^^^^^^^ + (12.95) 



Then ( |12.94| ) will be simplified to 

f[N] ^ p[7V] ^ (^2.96) 

rl^l contains all contributions from all possible diagram with arbitrary loops. The 

contribution from /-loop diagram is proportional to We can expand F'^l as a 
power serials of /i', 

m^=J2n''Tf,\ (12.97) 

M 
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where is the contribution from all M-loop diagrams. According to our inductive 



hypothesis, all Fj^' are finite is M < A^. Therefore, divergence first appear in Fj^r"^!^. 
Substitute 0X^971) into j ^T^ ), we will get 



[N] 



M,L 



F^ ' * F 



[N] 



:i2.98l 



The {L + l)-loop contribution of ( p.2.98| ) is 

Af+l 

2^ i A/ * -"^ N-M+l 
M=0 



0. 



^12.99) 



T^N+i can separate into two parts: finite part Fj^_[;^ ^ and divergent part ^^N^idiv^ 
that is 



F 



[TV] 
TV+1 



F 



[TV] 

N+1,F 



+ F 



[TV] 

N+l,div 



;i2.100) 



.[TV] 

N+l,div 



is a divergent function of (A—D) if we calculate loop diagrams in dimensional 



regularization. In other words, all terms in Fj^_j_^ are divergent terms when (A — D) 
approaches zero. Substitute ( |12.100| ) into ( p.2.99| ), if we only concern divergent terms, 
we will get 

0. fi2.ior 



f[N] y[N] -p[TV] -p[TV] 

N+l,div * "T-'-O TV+l,dTO 



F^^l^ p has no contribution to the divergent part. Because Fq"' represents contribu- 
tion from tree diagram and counterterms has no contribution to tree diagram, we 
have 

Tfll (12.102) 

(12.103) 

(12.104) 
(12.105) 



[TV] 



[TV] 



Denote 



F, 



Then ( |12.101 ) is changed into 



F 



[TV] 

N+l,div 



* Fo + Fo * F 



[TV] 

TV+l.drt; 



Substitute ([12:971) into (|12]9|), we get 



Qfi TV+1 



TV+1 



6Ka{x) Sria{x) 



The finite part T^^}^i p has no contribution to the divergent part, so we have 



'^fi "'- N+l,div 



5f 



[TV] 

N+l,div 
6f]a{x) 



;i2.106) 
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The operator g is defined by 



(5rn <5 I &Tq_ 5 



(12.107) 

I ST'o S _|_ ^Fq S 

~^ SK!i{x) SCf^{x) Sr)°'{x) SL^ix) 



Using this definition, ( |12.104|) simphfies to 



9f^Nli4iv = 0- (12.108) 



It can be strictly proved that operator ^ is a nilpotent operator, i.e. 

f = 0. (12.109) 

Suppose that f[C] is an arbitrary functional of gravitational gauge field which 
is invariant under local gravitational gauge transformation. f[C] is invariant under 
generalized BRST transformation. The generalized BRST transformation of f[C] is 

^f[C] = -j (12.110) 
Because 5\ is an arbitrary Grassman variable, ( |12.110| ) gives out 

Because f[C] is a functional of only gravitational gauge fields, its functional deriva- 
tives to other fields vanish 

-0, (12.112) 



«(x) 

SLa{x) 

6f[C] 



Using these relations, (|12.111|) is changed into 



0, (12.113) 
0. (12.114) 



5f[C]=gf[C]. (12.115) 
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The generalized BRST symmetry of f[C] gives out the following important property 
of operator g, 

gf[C] = 0. (12.116) 



Using two important properties of operator g which are shown in eq. (|12.109|) 
and eq.( |12.11"6[ ), we could see that the solution of eg. ( |12.10"^ ) can be written in the 
following form 

rS?iM.. = f[C]+gf'[C,v.V,K,L], (12.117) 

f[C] is a gauge invariant functional and f'[C, rj, f/, K, L] is an arbitrary functional of 
fields C^{x), ri°'{x), fjaix) and external sources Kj^^x) and La{x). 



Now, let's consider constrain from eq. (|12.105| ). Using eq.( |12.112D and eq. (|12.114| ), 
we can see that f[C] satisfies eq.( |12.10"5| ), so eq.( |12.10"5D has no constrain on f[C]. 
Define a new variable 

fi[B\ is an arbitrary functional of B. It can be proved that 

5h[B] _ 5h[B] 



;i2.ii8) 



5Bi^{x) 
5h[B] 



5Ki^{xy 
5h[B] 



Sria{x) " 6Ba{x)' 
Combine these two relations, we will get 

SfijB] 

smx)' 



SfijB] 



(12.119) 
(12.120) 

(12.121) 



There fi[B] is a solution to eq. ( 112.1061) . Suppose that there is another functional /2 
that is given by, 

f2[K,C,v,L] = J d'x ir^r;(C,7?,L), (12.122) 



where is a conserved current 



0. 



;i2.123) 



It can be easily proved that f2[K,C,ri,L\ is also a solution of eq. (|12.105|) . Be- 
cause fo satisfies eq.( |12.10"6D (please see eq.( |12.88] )), operator g commutes with 



It means that functional f'[C,rj,rj,K,L\ in eq. (|12.117|) must sat- 



isfy eq.( |12.10"6D . According to these discussion, the solution of f'[C,ri,f],K,L] has 
the following form, 

f'[C,r],r],K,L]=h[C,v,K-d''Va,L]+ J d'x Ki^T^iCv, L). (12.124) 
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In order to determine f'[C,r],r],K,L\, we need to study dimensions of various 
fields and external sources. Set the dimensionality of mass to 1, i.e. 



Then we have 





= 1, 


D[d^x] 


= -4, 




= 1, 



D[P^] = 1. (12.125) 

(12.126) 
(12.127) 
(12.128) 

D[ri] = D[fj] = 1, (12.129) 
D[K] = D[L] = 2, (12.130) 
D[g] = -1, (12.131) 

^[f!?ii,,,J = D[S] = 0. (12.132) 
Using these relations, we can prove that 

D[g] = 1, (12.133) 

D[f] = -1. (12.134) 

Define virtual particle number Ng of ghost field 77 is 1, and that of ghost field fj is 
-1, i.e. 

NM = 1, (12.135) 

NM = -1. (12.136) 

The virtual particle number is a additive conserved quantity, so Lagrangian and 
action carry no virtual particle number, 

Ng[S] = NgiC] = 0. (12.137) 

The virtual particle number Ng of other fields and external sources are 

Ng[C]^Ng[D^]^0, (12.138) 

Ng[g] = 0, (12.139) 

iV,[f] = 0, (12.140) 

Ng[K] = -1, (12.141) 

Ng[L\ = -2. (12.142) 
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Using all these relations, we can determine the virtual particle number A^^ of g and 

NM = 1, (12.143) 

N,[f'] = -1. (12.144) 

According to eq.( |12.13^) and eg. ( |12.14^ ), we know that the dimensionality of /' is 
— 1 and its virtual particle number is also —1. Besides, /' must be a Lorentz scalar. 
Combine all these results, the only two possible solutions of fi[C^rj^K^ — d'^f]a,L] 
in eq.( p.2.124| ) are 

(Ki^ - a'^r^JC;, (12.145) 

r/"L„. (12.146) 

The only possible solution of is C^. But in general gauge conditions, does not 
satisfy the conserved equation eq.( |12.12^ ). Therefore, the solution to f'[C, r], fj, K, L] 
is linear combination of (|12.145| ) and (|12.146 ), i.e. 



;i2.147) 



where e = (4— D), P]\f^i{e) and 7Ar+i(£:) are divergent parameters when e approaches 
zero. Then using the definition of g, we can obtain the following result. 



gf[C,v,f],K,L] = -f3M+i{e)Jd''x 



7^+1 (e) /d^a; [^L.(x) + ^r^'^(x 



'12.1481 



The only possible solution to f[C] of eq. (|12.117| ) which is constructed only from 
gravitational gauge fields is the action S[C] of gauge fields. Therefore, the most 



general solution of rj^|^ is 

ar,+i{e)S[C]-Jd^x 



^ N+l,div 



P^^,(e)^^C^{x) + Pr,-,i{e)j§^Kli{x) 



8K^{x)- 



+^N+i{e)jg^^L^{x) + 7^_,i(£)-^r/-(x) - [^M+i{e)no.d^T>-^n 



5ri°' (x) 



;i2.149) 



In fact, the action S[C] is a functional of pure gravitational gauge field. It 
also contains gravitational coupling constant g. So, we can denote it as S[C,g]. 
From eq.( |5.31| ), eq. ( p.3(j| ) and eq.( p.37D , we can prove that the action S[C, g] has the 
following important properties. 



S[gC, l]=g'S[C,g]. 



;i2.150) 
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Differentiate both sides of eg. ( |12.150|) witli respect to coupling constant g, we can 
S\C a]--f d^x^-^C-(x) - 1,^:^ 



(12.151) 



It can be easily proved that 

= Jd*x \{d''f]p{x)){d^r]^{x)) + f]^{x)^^'B'^pr]'^{x] 
Jd'xC^ix)^^ [jd'yK!i{y)B';^^vf^{y) 



X 



4 



X 



/d^xr/„(x)9^D°^r/^(: 

= Jd^x [{d''f]p{x)){d^r]^{x)) + f]^{x)^^'B'^pr]'^{x] 
/d4xir^(x)D°^r7^(x)^ 

Jd^x [K^{x)d^r]'^ - ir^(x)D°^r//5" 
/ d^x gLa{x)rj^{x){di3rj"{x)) 



'dg 



9i 



(12.152) 



(12.153) 



(12.154) 



(12.155) 



(12.156) 



= /dS gLc,{x)ri^{x){dp7]'^{x)), 
Using eqs.( |l2.152| - pj[^ ), eq.(|mUg) and eq.(|ra|), we can prove that 



jd'x'^f-^{x) = Jd^X^^C^{x)+Jd^x[-{d^na{x)Kd,rix)) 



ix)-K^{x)B-pV^ix) . 

(12.157) 



-r/«(x)9'^D^^r7'3(x) + K^ix)d^ri' 

Similarly, we can get, 

= ^?^ + /d4x[-(9^r/,(x))(9^r7-(a;))-77,(x)9^D^^r7'^(x) + ir^(x)9^r/°(x) 

-Kli{x)B<'^f^r]''{x) - gL^{x)7]^{x){dprix)) • 

(12.158) 
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Substitute eqs. (|12.157| - |12.15g ) into eq.( |12.151|) , we will get 



r dg 



Substitute eq.( |12.159| ) into eq.( |12.149| ). we will get 



r 



[N] 

N+l,div 



Jd^X 



' QJV+l(£) 
2 



- PNMe))C-ix)^ 



+ 



■ON+iie) 



- -fN+i{e))La{x) 



SLa{x) 



+PN+iie)Ktiix)^^ 



2 y dg 



(12.159) 



(12.160) 



On the other hand, we can prove the following relations 



Jd^y r^0{y)df^-D^^^r]^{y)] = J d^x r/^(x)9^D;^,r/-(x), (12.161) 

), (12.162) 



Jd'xrix)^^ [jd'y ir^(i/)D^,r^-(y)] = J d'x if^(x)D^,r^ 

/d^xr7"(x)^^ [jd'^y gLp{y)T]''{y){d^r]^{y))\ = 2 J d^x gLp{x)r]''{x){d„r]'^{x)), 

(12.163) 



/d4a;r/-(x)^ = /d^x {%(a;)9'^D^„r/'^(a;) 



+K^{xW^7]'^ix) + 2gLf,{x)r]''{x)id^7]^ 



(12.164) 



[x 



Substitute eqs. (|12.161| - |12.163| ) into eq. (|12.164|) , we will get 



(12.165) 



Eq.( 12.lU5 ) times 1m+lJIm+i^ then add up this results and eq.{ V2.l6U ), we will get 



N+l,div 



Jd^X 



2 y • 



(12.166) 
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This is the most general form of Tj^^.]^ which satisfies Ward-Takahashi identities. 



According to minimal subtraction, the counterterm that cancel the divergent 

[N] ■ p[7V] 



part of r^li is just -F^l^^^j^, that is 



s 



N+2\ 



;i2.167) 



where the term of o{ti^~^'^) has no contribution to the divergences of (A^ + l)-loop 
diagrams. Suppose that r^^^^j*^^' is the generating functional of regular vertex which 

is calculated from 5* • It can be easily proved that 



A^+l ~ 7V+1 N+l,div 



Using eq.( |12.1dOD , we can get 



N+1 



N+1,F- 



'12.1681 



;i2.169) 



rj^_^/^ contains no divergence which is just what we expected. 



Now, let's try to determine the form of 5* 
action of the system as 



[N+l] 



Denote the non-renormalized 



;i2.170) 



As one of the inductive hypothesis, we suppose that the action of the system after 



h'^ order renormalization is 

S [Cf:,r]^,r]^,K^,L^,g,a] 



'12.171^ 



=S [VM^'C^;, V4"'^", ^zf^L^, Zf^g, zi-H 

Substitute eq( |12.166| ) and eq.( |12.17"T| ) into eq.( |12.167| ), we obtain 



S 



— / d'^x 



'QiV+l(£) 



<5fn 



SLa(x) 



/3jv+i(£)+7iv+ 



;i2.172) 
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Using eq.( |12.103D , we can prove that 



6Tr 



''^ 5C^{x) da 



J d^x-qaix 

d'^X7]"{x 



J d^xK^ix) 



5La{x) 

Sf]a{x) 

5K&{x) 



dVo dS 
9^ = 9- 



d'^xrja (x) 



d'^xK^ix 



6La{x) 

~[0] 

6 S 

5f]a{x)'' 
6 S 



5ri°'{x)' 
5 S 



5K&{x) 



dg dg 

Using these relations, eg. ( |12.17"^ ) is changed into, 

s 



(12.173) 

(12.174) 
(12.175) 
(12.176) 
(12.177) 
(12.178) 



S ' WZ^C-^, V4"^r,«, ^Zf^r, ^Zi^^K^, ^Zir^L^, ^g^ Zfl 



\d^x 



ss 



5La{x) 



( ~[0] ~[0] ~[0] ' 



ajv+i(£) ^ds 



AO] 



(12.179) 

We can see that this relation has just the form of first order functional expansion. 

r^[N+l] 

Using this relation, we can determine the form of -It is 

S [Clr]^,ri-,K^,L^,g,a] 



'a 



s Wzr^^c;:, ^z^rS.. ^z^r'V^ V4^^^^^«, zf^S^ zi^n 

(12.180) 
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where 



[N+l] 



7[N + l\ 



[TV+l] 



Af+1 



1-E 



L=l 



h 2 



Denote 



.[iV+l] 



The eq. (|12.180|) is changed into 



(12.181) 

(12.182) 
(12.183) 

(12.184) 
(12.185) 



(12.186) 



Using eq.( |12.18"6D , we can easily prove that 



a\ 



;i2.187) 



Now, we need to prove that all inductive hypotheses hold at L = + 1. The 
main inductive hypotheses which is used in the above proof are the following three: 
when L = N , the following three hypotheses hold, 

1. the lowest divergence of r'^^ appears in the (A^ + l)-loop diagram; 

2. f satisfies Ward-Takahashi identities eqs.( |12:9^ - |12:9l) ; 

3. after h^th order renormalization, the action of the system has the form of 
eq.QmTTI). 
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First, let's see the first hypothesis. According to eq.( |12.169| ), after introducing 
(A^ + l)th order counterterm, the (A^ + l)-loop diagram contribution of r^^"'"^] is fi- 
nite. It means that the lowest order divergence off [^+11 appears in the (A^ + 2)-loop 
diagram. So, the first inductive hypothesis hold when L = A^ + 1. 

It is known that the non-renormalized generating functional of regular vertex 



Ti^]=T^o][C,r],r],K,L,g,a] 
satisfies Ward-Takahsshi identities eqs. (|12.88[ - |12.89|) . If we define 

T' = T^'\C',n',v',K',L',g',a',], 
then, it must satisfy the following Ward-Takahashi identities 

6T' 6T' 



d^x 



5V' 



5V' 5T' 



\ 5T' 



0. 



Set, 



Z Kit, 



z 



[7V+1] _ 

Z r]a, 



z^'h 



9 =^'g-'^'9 



a 



In this case, we have 



Z 



(12.188) 
(12.189) 

(12.190) 
(12.191) 

(12.192) 

(12.193) 
(12.194) 

(12.195) 

(12.196) 
(12.197) 
(12.198) 



;i2.199) 



p[Af+l]_ 
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Then eq.( |12.190| ) is changed into 



1 



1 5f[^+ll 



Because 



does not vanish, the above equation gives out 



;i2.200) 



:i2.201' 



Eq.( |12.191| ) gives out 
1 



d^x 



^[Af+l] , 



+ 



Because 



[iV+ll , 



does not vanish, we can obtain 



0. (12.202) 



+ 



6K&{x)6C^{x) 6L^{x) 67]»{x 



0. 



12.203) 



Eq.( |12.201| ) and eq. (|12.203|) are just the Ward-Takahashi identities for L = + 1. 
Therefore, the second inductive hypothesis holds when L = N + 1. 



The third inductive hypothesis has already been proved which is shown in eq.( |12.1gBD 
Therefore, all three inductive hypothesis hold when L = N +1. According to induc- 
tive principle, they will hold when L is an arbitrary non-negative number, especially 
they hold when L approaches infinity. 

In above discussions, we have proved that, if we suppose that when L = N 
eq. (|12.171|) holds, then it also holds when L = + 1. According to inductive 
principle, we know that eq. ( |12.18(j| - 112.187] ) hold for any positive integer A^, that is 



S[Cf:,r]^,7]^,Kli,L^,g,a] 



--S 



y/ZC^, yZv^, \/zr, V^^^, VZL^, Zgg, Za 



;i2.204) 



f[oi 



VZC^, \Jzf]a, Hrf. ^ZKi!^, VZL^, Z^g, Za 



;i2.205) 
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where 



Z = lim ^^Zm 



1-E 

L=l 



A ,. 

Z = lim 



AN] 



E 

L=l 



h{e)+lL{e) 



Z, = lim 



i + E 

L=l 



;i2.206) 

;i2.207) 
^12.208) 



S [C^,f]a,r]°', K^, La, g,a] and r[C°, t^q,, 77°, ii"^, L^,, (7, a] are renormalized action 
and generating functional of regular vertex. The generating functional of regular 
vertex T contains no divergence. All kinds of vertex that generated from T are 
finite. From eq. (|12.204|) and eq.( |12.2d5D , we can see that we only introduce three 

known parameters which are a/Z, \fz and Zg. Therefore, gravitational gauge theory 
is a renormalizable theory. 



From eg. ( 112.205 ) and eqs. (|12.88 - 12.89|) , we can deduce that the renormalized 
generating functional of regular vertex satisfies Ward-Takahashi identities, 



6r 



ST 



5K&{x) 
5f 5f 



+ 



5f 



5V 



6KH (x) dC^ (x) 6La (x) 6t]^ {x 



0. 



;i2.209) 
;i2.210) 



It means that the renormalized theory has the structure of gauge symmetry. If we 
define 



Co", = y/ZC", 


(12.211) 


Vo = "l^r, 


(12.212) 




(12.213) 


K^a = VZ^^, 

9o = Zgg, 
ao = Za. 


(12.214) 
(12.215) 
(12.216) 
(12.217) 



Therefore, eqs.( |12.2"04| - |12.205|) are changed into 



1^1 

S [C" Va, rf, K^, La, g, a] =S [C^, Voa, Vo, ^oa, ^oa, 90, ao 



;i2.218) 
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r[C^, r/,, T]^, Kii, L„, g, a] = T^'^ [C^^, r/oa, Vo^ ^o''., ^oa, ^7o, "o]- (12.219) 

Cg^, r^oa and rj^ are renormalized wave function, Kq^ and Lqo are renormalized ex- 
ternal sources, and go is the renormalized gravitational coupling constant. 



The action 5* which is given by eq. (|12.218|) is invariant under the following gen- 
eralized BRST transformations, 

6C^^ = -D^^ ^r/o^5A, (12.220) 

SVo = goVoid.Vo)SX, (12.221) 

Svoa = —Vapf^5\ (12.222) 

57]^"" = 0, (12.223) 



where. 



= - goS^^C^.d^ + goid^C^,), (12.224) 

fo = d^C^,- (12.225) 

Therefore, the normalized action has generalized BRST symmetry, which means 
that the normalized theory has the structure of gauge theory. 



13 Einstein-like Field Equation with Cosmologi- 
cal Trem 

In the above chapters, the quantum gravity is formulated in the traditional frame- 
work of quantum field theory, i.e., the physical space-time is always flat and the 
space-time metric is always selected to be the Minkowski metric. In this picture, 
gravity is treated as physical interactions in fiat physical space-time. Our gravita- 
tional gauge transformation does not act on physical space-time coordinates, but act 
on physical fields, so gravitational gauge transformation does not affect the structure 
of physical space-time. This is one picture of gravity, or call it one representation of 
gravity theory. For the sake of simplicity, we call it physical representation of gravity. 

There is another representation of gravity which is widely used in Einstein's 
general relativity. This representation is essentially a geometrical representation of 
gravity. For gravitational gauge theory, if we treat ( or G~^^ ) as a fundamen- 
tal physical input of the theory, we can also set up the geometrical representation 
of gravity [0. For gravitational gauge theory, the geometrical nature of gravity 
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essentially originates from the geometrical nature of the gravitational gauge trans- 
formation. In the geometrical picture of gravity, gravity is not treated as a kind of 
physical interactions, but is treated as the geometry of space-time. So, there is no 
physical gravitational interactions in space-time and space-time is curved if gravi- 
tational field does not vanish. In this case, the space-time metric is not Minkowski 
metric, but g""^ (or gap)- In other words, Minkowski metric is the space-time metric 
if we discuss gravity in physical representation while metric tensor (7"^ ( or gap) is 
space-time metric if we discuss gravity in geometrical representation. So, if we use 
Minkowski metric in our discussion, it means that we are in physical representation 
of gravity; if we use metric tensor g""^ (or gap) in our discussion, it means that we 
are in geometrical representation. 

In one representation, gravity is treated as physical interactions, while in another 
representation, gravity is treated as geometry of space-time. But we know that there 
is only one physics for gravity, so two representations of gravity must be equivalent. 
This equivalence means that the nature of gravity is physics-geometry duality, i.e., 
gravity is a kind of physical interactions which has the characteristics of geometry; it 
is also a geometry of space-time which is essentially a kind of physical interactions. 
Now, let's go into the geometrical representation of gravity and use g""^ and gap as 
space-time metric tensors. In this picture, we can obtain an Einstein-like field equa- 
tion with cosmological term. In this chapter, we will first calculate out the affine 
connection, curvature rensor, Recci tensor and curvature scalar from gravitational 
gauge field. Then we will deduce the Einstein-like field equation with cosmological 
constnat. 

In the previous discussions, we have given out the relations between space-time 
metric and gravitational gauge fields, which is shown in eq.( |5.19| - |5.2CI| ). Using these 
relations, we can change the lagrangian for scalar field into the following form 

1 77?^ 
C = --g-^dact>dpct>-—<^y'- (13.1) 

In this lagrangian, we can not see any gravitational gauge field in it directly. It can 
be selected as the lagrangian of scalar field in the geometrical representation of grav- 
ity. In this case, gravity is treated as geometry of space-time. Generally speaking, 
in gravitational gauge theory, we can change all lagrangians into the form which is 
expressed in terms of G^. In other words, if we did not discuss quantum behavior of 
gravity, from mathematical point of view, we can use as a fundamental quantity 
to represent gravitational field. Plese note that, in gauge theory of gravity, is 
the quantum counterpart of Cartan tetrad in Cartan geometry. If we use as a 
fundamental quantity of gravity theory, we can set up the geometrical representation 
of gauge theory of gravity, which is quite similar to the general relativity in Cartan 
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geometry |30|]. 

Eq. ( |13.1| ) gives out the lagrangian in curved space-time. But we can make a local 
transformation to transform it into flat space-time. Making the following coordinate 
transformation 

dx^ da;'^ = 7^da;^ (13.2) 



where is given by, 



It can be proved that 



dx 



{G-X- (13.3) 



y ~' y dx^ y (i3-4) 

Therefore, under this coordinates transformation, the space-time metric becomes 
flat, in other words, we go into an inertial reference system. In this inertial reference 
system, the Lagrangian eq. ( |13.1| ) becomes 

1 TP ^ 

/: = --r/"^9,W-— 0^ (13.5) 
Eq.( |13.5D is just the Lagrangian for real scalar fields in flat Minkowski space-time. 

Using space-time metric tensors gap and (7"^, we can calculate the affine connec- 
tion and curvature tensor. The affine connection F^^ is defined by 



Using the following relation. 



gF' = G;G^JiG-%G)t - iG-%G)% (13.7) 



where F^^ is the component field strength of gravitational gauge field, we get 

r^i. = -l[{G'^dfj_G)l + (G'^duG)^] „ . n 3 8 



^yV^-^'^VapF^^pG^^.G-'-iG-'^G''^^ + G-'PG~'>^^). 

From this expression, we can see that, if there is no gravity in space-time, that is 

C," = , F^^, = 0, (13.9) 

then the affine connection F^^ will vanish, which is what we expect in general rela- 
tivity. 
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The curvature tensor i?^,^^ is defined by 



^^UK — ^K^^U ^i/T^K; + rj^i,r^^ ^IlK^m]} (13.10) 

the Ricci tensor R^^ is defined by 

= -^mAk' (13.11) 
and the curvature scalar R is defined by 

R = g^^R^,. (13.12) 



90 



The explicit expression for Ricci tensor R^^ is 

= -{d^d^G-G-^r^ + 2{d^G-G-^-d^G-G-^)^ 
+V'''Vapid,G ■ G-Xid.G ■ G-y„ 
+y^''Va(3{G-^ ■ d,G ■ ■ d^G ■ G-XG-'^ 
-\g^^r,^p{G-'.d.d>^G-G-XG'.'^ 
+\g^'^r^^p{G-^ . d,G ■ G-' ■ d,G ■ G~XG^'^ 
+lg^''Vaf^G-^'''{G-^ ■ d,G ■ G-i ■ dxG ■ G'X 
-y^'VcffG-'-iG-' ■ dudxG ■ G-X 
+y'''Vaf^G-^'"{G-' ■ dxG ■ G-' ■ d,G ■ G'X 
WVap{G-^ ■ d.G ■ G-X{G~' ■ dxG ■ G-^ 

• d,G ■ G-' ■ dxG)l - \{G-' ■ dxG ■ G'^ ■ d^G)^ + \{G~' ■ d^dxG)^ 
-V'^VapG^.iG-' ■ dxG ■ G-Xid.G ■ G~X 
-Iv'^'VapG^pG-^'^id^G ■ G-i • dxG ■ G-X 
+kv'''Va(3G^pG-'''{d^dxG ■ G-X 
-lv'''VapG'pG;''^{dxG ■ G-i • d^G ■ G^X 

-KG-i • d^G ■ G-' ■ d,G): - ■ d,G ■ G-^ ■ d^G^ + \{G-^ ■ dud.G)^ 

-rjP-rj^^G-^iG-' ■ d,G ■ G'XMG ■ G'X 

-Iv'^Va^G'^G-^'id^G ■ G-i ■ d^G ■ G-X 

nv'^'VapG^G-'^id^d^G ■ G-X - \v'"'V.pG^.G-^-{d,G ■ G-' ■ d,G ■ G-X 
+lVapV'''^'G'^p,{d.G ■ G-X,iG-' ■ d,G ■ G'X 
+\Vc.pr'^'G-p^{d,G ■ G-X,{G-^ ■ d.G ■ G-X 
-IVafiV'^'^'id^G ■ G-XMG ■ G-X, 
-Iriapr'^^G^pA^^G ■ G-XAG-' ■ d.G ■ G'X 
-^ncarf'^'G^^G-' ■ d^G ■ G-Xid,G ■ G-^ 
-Iv.pt'^'G^^G'^p^iG-^ ■ dxG ■ G-XiG-' ■ d^G ■ G-X 
-IVapV'''^-^F;:^^^GlG;^-G-'^G-'^^{d,G ■ G-Xl 

-IKpG-^'-iG-' ■ d,G ■ G-X - IK,G-'''{G-^ ■ d.G ■ G-X, 

+ir'''VapF^,,p,G-'''G-'^id^G ■ G-X.\ + IKpiG-' ■ d.G ■ G-XG'"^ 

+ir'''V.pF';^p,G-^-G-^PGi^{G-' ■ dxG ■ G-X 

+lKpiG'^ ■ d,G ■ G-XG-'^ + iF^piG-' ■ d,G ■ G-X,G-"' 

+iv'''''VaBF;:^3,G-'''G-Xid,G ■ G-Xl + 'AiG-' ■ d,G ■ G-XG'"' 

+ir''^V.pF^,,p,G-'''G-XGi^{G-^ ■ dxG ■ G-X' 

+f ^'^''^^../j.i^.^.O.C^p"'"^p".'"^(G^;'''^G'-i'^^ + G-'f^^G-'^^) 

4 '/a/3'/a2/32'/ '/ ^ mP,-'^^ (J20ci^ p ^pi ^/i 
4 '/a2/32'/ ^ ^iiPi-^aai'^p pi k fi 

-£-r} flTj^i'^iF'' ^ (7-ia(7-i/3(7-iW(7-iM 

4 '/a/3'/ ^ ixiPi^ ixzai^ p ^ pi ^ ij. 

(13.13) 
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The explicit expression for scalar curvature R is 



-l\a 
'a 



+lv"'Vap9^%d^G ■ G-^id.G ■ G'^)^ - 2r/°^G'^(9.G ■ G'^ ■ d^G); 
-2r^G],{dxG ■ G-i ■ d^G)i + 2r^G-p{d^dxGY^ 
-IVapV"'v'"'G:G^^{dxG ■ G-Xid.G ■ G-y^ 
+r,^pr^P^r,^^^^G-p^G^^^{d,G ■ G'^^^id^G ■ G'X 
-2gr^F^^^^G'^^G-'-^{d.G ■ G~y^^ 

+gr'F;p{d,G ■ G-y^ 

+gr^F^pG;{G-' ■ d^G ■ G-y 
+9'v'''F^^,F^^lp^G-'-G-l'^^ 
~a^ri Rn°'^f^^ni^'^F''a F^^ G^^'^G^^^ 

2 'Ial3il '/ J- ^/3i-f CTQi'-^p "-^pi 
2 '/ ^fiP^aia'^p '^pi 

(13.14) 

From these expressions, we can see that, if there is no gravity, that is C" vanishes, 
then Rfj^iy and R all vanish. It means that, if there is gravity, the space-time is flat, 
which is what we expected in general relativity. 

Because scalar curvature R is invariant under general coordinates transformation, 
it transforms covariantly under gravitational gauge transformation. Its behavior un- 
der gravitational gauge transformation is the same as that of the lagrangian Cq. Just 
from the requirement of gravitational gauge symmetry, the most general lagrangian 
which gives an action with gravitational gauge symmetry is 

Co = -^V^'v^^'ga^F^.F^i + C2R, (13.15) 

where ci and C2 are two constant parameters. But, if we include R in our lagrangian, 
our field equation for gravitational gauge field will become extremely complicated, 
for the expression of scalar curvature R in terms of gravitational gauge field C° is 
very complicated. So, we did not consider scalar curvature R in this model. An- 
other reason that we did not consider R in this model is that the lagrangian given 
by eq.( p.31[ ) is the lagrangian expected by gauge field theory and it is enough to give 



reasonable results and predictions on all possible problems, such as classical limit, 
classical tests, cosmological constant, cosmological model, ■ ■ ■ etc.. In a meaning, 
the model discuss in this paper is the minimum model for quantun gauge theory of 
gravity. 

Now, let's discuss some transformation properties of these tensors under general 
coordinates transformation. Make a special kind of local coordinates translation, 

^x'^ = x'^ + e^(x'). (13.16) 
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Under this transformation, the covariant derivative and gravitational gauge fields 
transform as 

D^{x) ^ D'^ix') = U,{x')D^{x')U:\x'), (13.17) 

C,{x) ^ C;{x') = U,{x')C,{x')Ur\x') + -U,{x'){^U:\x')). (13.18) 
It can be proved that 

Gl{x)^G'^{x')^K'^^Gl{x), (13.19) 

where 

A-, = ^. (13.20) 

We can see that Lorentz index /x does not take part in transformation. In fact, all 
Lorentz indexes do not take part in this kind of transformation. Therefore, 

^ ^lf.u ^ (13.21) 

Using all these relations, we can prove that 

g^P{x) ^ g'^P{x') = A\A%,9'^^'^{x), (13.22) 

Rap,s{x) ^ K^,six') = A„"^A/^A7A/^i?„,/3,,,5,(a;), (13.23) 

Ro^^ix) ^ Kp{x') = A^-^Af'Ro^^^^ix), (13.24) 

R{x) R!{x') = R{x). (13.25) 

These transformation properties are just what wc expected in general relativity. All 
these quantities has the same transformation properties as those in general relativity. 



Equivalence principle is one of the most important fundamental principles of 
general relativity. But, as we have studied in previous chapters, the inertial energy- 
momentum is not equivalent to the gravitational energy-momentum in gravitational 
gauge theory. This result is an inevitable result of gauge principle. But all these 
differences are caused by gravitational gauge field. In leading term approximation, 
the inertial energy-momentum tensor T^^ is the same as the gravitational energy- 
momentum tensor T^. Because gravitational coupling constant g is extremely small 
and the strength of gravitational field is also weak, it is hard to detect the differ- 
ence between inertial mass and gravitational mass. Using gravitational gauge field 
theory, we can calculate the difference of inertial mass and gravitational mass for 
different kinds of matter and help us to test the validity of equivalence principle. 
This is a fundamental problem which will help us to understand the nature of grav- 
itational interactions. In general relativity, equvilence principle is the foundation of 
geometrical nature of gravity. But now, the the foundation of geometrical nature 
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of gravity is no longer equivalence principle, but geometrical nature of translation 
transformation. 



Define 



A = ^(i? + V£o). (13.26) 



Then action given by eq.( p.22| ) will be changed into 

S = Sg + Sm, (13.27) 

where 

S, = I d'xV^iR - 2A), (13.28) 

Sm = I d^x£M, (13.29) 



where G is the Newtonian gravitational constant, which is given by 

C = (13.30) 

R is the scalar curvature, A is the cosmological term. Cm is the lagrangian density 
for matter fields. Scalar curvature R can be expressed by gravitational gauge field 
C^. We have added the action for matter fields into eq. (|13.27|) and denoted the 
action for pure gravitational gauge field as Sg. Using the following relations 



^V^g = 7;V^9'"'Sg^,, (13.31) 



V^g^'dR^, = dxW\ (13.32) 

= (13.33) 

where T^^ is the energy-momentum tensor of matter fields and is a contravariant 
vector, we can obtain the Einstein's field equation with cosmological term A, 

- \9t.uR + ^9^.u = -SttGT^,, (13.34) 
where T^^^, is the revised energy-momentum tensor, whose definition is 

T^. = T„,,-^^. (13.35) 
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In eq.( |13.35D , the difinition of is not clear, because A is a function of G^, not 



a function of g^" . So, we need to give out an explicite definition of 4^. According 



to eq.( |5.19| ), we have 



6^7]''^G'i + (^A^^^G^- (13.36) 



a 



Therefore, we have 



It gives out 



2,^^G^i^ (13.37) 



5G^ ' "dg^- 



6\ 1 i« 5A M 



which gives out the explicite expression for Eg .( 113:341 ) is quite like the Ein- 



G:'^—, + G-}^—- , (13.38) 



stein's field equation with cosmological constant in form, but it is not the traditional 
Einstein field equation, so we call it the Einstein-like field equation with cosmologi- 
cal term. 



14 Discussions 

In this paper, a new kind of gauge gravity is formulated in the framework of tradi- 
tional quantum field theory, where gravity is treated as a kind of physical interactions 
and space-time is always kept fait. This treatment satisfies the fundamental spirit 
of traditional quantum field theory, and go along this way, four different kinds of 
fundamental interactions can be unified on the same fundamental baseline The 



most advantage of this approach is that the renormalizability of the quantum gravity 
is easy to be proved. Its transcendental foundation is gauge principle. Gravitational 
gauge interactions is completely determined by gauge symmetry. In other words, 
the Lagrangian of the system is completely determined by gauge symmetry. Using 
the langurage of Cartan tetrad, we set up the geometrical formulation of this new 
quantum gauge theory of gravity and to study its geometrical foundation. So, grav- 
ity theory has both physical picture and geometrical picture, which is the reflection 
of the physics-geometry duality of gravity. In this chaper, we give some simple dis- 
cussions on some interested problem related to gauge theory of graivty. The content 
of this chapter is not in the main topic of this paper, so our discussion on them are 
quite simple, and detailed discussion can be found in some related literature. 

1. [Schwarzchild-Iike Solution and Classical Tests ] 

It is known that General Relativity is tested by three main classical tests, 
which are perihelion procession, deflection of light and gravitational red-shift. 
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All these three tests are related to geodesic curve equation and schwarzachild 
solution in general relativity. If we know geodesic curve equation and space- 
time metric, we can calculate perihelion procession, deflection of light and 
gravitational red-shift. In this chapter, we discuss this problem from the point 
of view of gauge theory of gravity. 



In order to discuss classical tests of gravity, for the sake of convience, we 
use the geometrical representation of gravity. As we have stated above, in 
the geometrical representation of gravity, gravity is not treated as physical 
interactions in space-time. In the gemetrical representation of gravity, we use 
the same manner which is widely used in general relativity to discuss classical 
tests and to explain the predictions with observations. In the geometrical 
representation of gravity, if there is no other physical interactions in space 
time, any mass point can not feel any physical forces when it moves in space- 
time. So, it must move along the curve which has the least length. Suppose 
that a particle is moving from point A to point B along a curve. Deflne 




where p is a parameter that describe the orbit. The real curve that the particle 
moving along corresponds to the minimum of Tab- The minimum of Tab gives 
out the following geodesic curve equation 

d^x^ dx" dx^ , , , 

where Y^^y^ is the affine connection 



2^ I dx" dxt' dx'^ ' ^ ■ ^ 



Eq. (|14.2|) gives out the curve that a free particle moves along in curved space- 
time if we discuss physics in the geometrical representation of gravity. 



Now, we need to calculate a schwarzchild-like solution in gauge theory of grav- 
ity. In chapter 4, we have obtained a solution of for static spherically sym- 
metric gravitational flelds in linear approximation of gC^. But expetimental 
tests, especially perihelion procession, are sensitive to second order of gC'^. 
The best way to do this is to solve the equation of motion of gravitational 
gauge fleld in the second order approximation of gC'^. But this equation of 
motion is a non-linear second order partial differential equations. It is rather 
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difficult to solve them. So, we had to find some other method to do this. The 
perturbation method is used to do this. After considering corrections from 
gravitational energy of the sun in vacuum space and gravitational interactive 
energy between the sun and the Mercury, the equivalent gravitational gauge 



field in the second order approximation is[H| 

GM _ 3 G^M^ 
r 2 



+ 



;i4.4) 



Then using eq.( ^.20| ), we can obtain the following solution 



dr'^ 



-r'^dO'^ - r'^sm'^Odif^, 
where we have use the following gauge for gravitational gauge field, 

cn = 0. 



;i4.5) 



;i4.6) 



This solution is quite similar to schwarzschild solution, but it is not schwarzschild 
solution, so we call it schwarzschild-like solution. If we use Eddington- Robertson 
expansion, we will find that for the present schwarzschild-like solution[?]. 



a 



/3 = 7 = 1. 



;i4.7) 



They have the same values as schwarzschild solution in general relativity and 
all three tests are only sensitive to these three parameters, so gauge the- 
ory of gravity gives out the same theoretical predictions as those of general 
relativity!^. More detailed discussions on classical tests can be found in lit- 
erature P3|. (This result hold for those models which have other choice of 772 



and J{C) which is duscussed in [27, p8|.) 



2. [Gravitational Wave ]In gravitational gauge theory, the gravitational gauge 
field is represented by C^. From the point of view of quantum field theory, 
gravitational gauge field is a vector field and it obeys dynamics of vec- 
tor field. In other words, gravitational wave is vector wave. Suppose that 
the gravitational gauge field is very weak in vacuum, then in leading order 
approximation, the equation of motion of gravitational wave is 

d'F.l, = 0, (14.8) 

where Fq^^^ is given by eq. (|6.9|) . If we set gC^ equals zero, we can obtain 
eq.( |14.8| ) from eq. ( |5.50| ). Eq. ( |14.8| ) is very similar to the famous Maxwell 



equation in vacuum. Define 

Fr^=-e,,,B^ , Fo^ = i?r, (14.9) 
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then eg . (1148 



) is changed into 



V- E =0, 

d -^'^ 
^ E -Vx B 
at 



From definitions eq.( p.4.9|) , we can prove that 

V- B =0, 

— >a — >a 

7- B +Vx ^ = 0. 
at 

If there were no superscript a, eqs.( 14.10 - 14.13|) would be the ordinary Maxwell 
equations. In ordinary case, the strength of gravitational field in vacuum is 
extremely weak, so the gravitational wave in vacuum is composed of four in- 
dependent vector waves. 



(14.10) 
(14.11) 

(14.12) 
(14.13) 



Though gravitational gauge field is a vector field, its component fields have 
one Lorentz index fi and one group index a. Both indexes have the same be- 
havior under Lorentz transformation. According to the behavior of Lorentz 
transformation, gravitational field likes a tensor field. We call it pseudo-tensor 
field. The spin of a field is determined according to its behavior under Lorentz 
transformation, so the spin of gravitational field is 2. In conventional quantum 
field theory, spin-1 field is a vector field, and vector field is a spin-1 field. In 
gravitational gauge field, this correspondence is violated. The reason is that, 
in gravitational gauge field theory, the group index contributes to the spin of 
a field, while in ordinary gauge field theory, the group index do not contribute 
to the spin of a field. In a word, gravitational field is a spin-2 vector field. 



3. [Gravitational Magnetic Field ]From eq.( |14.10"| - |14.13| ), we can see that the 
equations of motion of gravitational wave in vacuum are quite similar to those 
of electromagnetic wave. The phenomenological behavior of gravitational wave 
must also be similar to that of electromagnetic wave. In gravitational gauge 
theory, B is called the gravitational magnetic field. It will transmit grav- 
itational magnetic interactions between two rotating objects. In first order 
approximation, the equation of motion of gravitational gauge field is 



aBrriT 



Using eq. (|14.9|) and eq. (|14.1^) , we can get the following equations 



(14.14) 



(14.15) 



98 



^ -Vx 5"= +gvf Tgp, (14.16) 

where Tgis is a simplified notation whose exphcit definition is given by the 
following relation 

M =tI^ . (14.17) 
On the other hand, it is easy to prove that (omit self interactions of graviton) 

d,F^, + d.F^^ + = 0. (14.18) 

From eq. (|14.18|) , we can get 



V- B =0, (14.19) 

^5°+Vxi"=0. (14.20) 
ot 

Eq. (|14.15|) means that energy-momentum density of the system is the source of 



gravitational electric fields, eq. (|14.16 ) means that time- varying gravitational 



electric fields give rise to gravitational magnetic fields, and eq.( p.4-20| ) means 
that time-varying gravitational magnetic fields give rise to gravitational elec- 
tric fields. Suppose that the angular momentum of an rotating object is Jj, 
then there will be a coupling between angular momentum and gravitational 
magnetic fields. The interaction Hamiltionian of this coupling is proportional 

— > — >a 

to (-^ J ■ B )■ The existence of gravitational magnetic fields is important for 
cosmology. It is known that almost all galaxies in the universe rotate. The 
global rotation of galaxy will give rise to gravitational magnetic fields in space- 
time. The existence of gravitational magnetic fields will affect the moving of 
stars in (or near) the galaxy. This infiuence contributes to the formation of 
the galaxy and can explain why almost all galaxies have global large scale 
structures. In other words, the gravitational magnetic fields contribute great 
to the large scale structure of galaxy and universe. 



4. [Lorentz Force ] There is a force when a particle is moving in a gravitational 
magnetic field. In electromagnetic field theory, this force is usually called 
Lorentz force. As an example, we discuss gravitational interactions between 
gravitational field and Dirac field. Suppose that the gravitational field is static. 
According to eqs.( [7.2[ - [7.3|) , the interaction Lagrangian is 



Ci = gJ{C)^Pj^d^ijC^. (14.21) 
For Dirac field, the gravitational energy-momentum of Dirac field is 

T^^, = ^P^da^. (14.22) 
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Substitute eq.(|T4]22D into eq. (|T4]2T]) , we get 



= gJ{C)T^^^C^. (14.23) 
The interaction Hamiltonian density Tij is 

Hj = -Ci = -gJ{C)T^^{y, (14.24) 
Suppose that the moving particle is a mass point at point x , in this case 

T^^{y,x) = T^J{y -x), (14.25) 

where is independent of space coordinates. Then, the interaction Hamil- 
tonian Hi is 

Hj = Jd'V Hiiy) = -9jd'y J{C)T^Ay, ^)C''M- (14-26) 
The gravitational force that acts on the mass point is 

h = gj d'yJ{C)T^^^{y, x)F^^ + g J d'yJ{C)T^^^{y, ^)^Ct. (14.27) 

For quasi-static system, if we omit higher order contributions, the second term 
in the above relation vanish. For mass point, using the technique of Lorentz 
covariance analysis, we can proved that 

PgJJ^ = 7T^^„, (14.28) 

where If^ is velocity, 7 is the rapidity, and Pga is the gravitational energy- 
momentum. According eq. (|14.25D , Pga is given by 



Pga = Jd'y T^aiy) = T^. (14.29) 
Using all these relations and eq. ( |14.9D , we get 



f=-gJ{C)PgaE -gJiC)PgaVxB . (14.30) 
For quasi-static system, the dominant contribution of the above relation is 

7= gJ{C)M i° +gJ{C)M v x b\ (14.31) 

where v=U /7 is the velocity of the mass point. The first term of eq. ( |14.3lD is 
the classical Newton's gravitational interactions. The second term of eq. ( |14.31|) 
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is the Lorentz force. The direction of this force is perpendicular to the direc- 
tion of the motion of the mass point. When the mass point is at rest or is 
moving along the direction of the gravitational magnetic field, this force van- 
ishes. Lorentz force is important for cosmology, because the rotation of galaxy 
will generate gravitational magnetic field and this gravitational magnetic field 
will affect the motion of stars and affect the large scale structure of galaxy. 



5. [Negative Energy ]First, let's discuss inertial energy of pure gravitational 
wave. Suppose that the gravitational wave is not so strong, so the higher order 
contribution is very small. We only consider leading order contribution here. 
For pure gravitational field, we have 



dd^CS 



(14.32) 



From eq.( ^.43|) , we can get the inertial energy-momentum tensor of gravita- 
tional field in the leading order approximation, that is 



Using eq. (|14.9|) , Lagrangian given by eq. (|5.31|) can be changed into 

X ->I3 ~^I3 

jOo = -V2ap{E ■ E - B ■ B). 



(14.33) 



^14.34) 



Space integral of time component of inertial energy-momentum tensor gives 
out inertial energy Hi and inertial momentum Pi. They are 



X J{C) 



^V2ap{E ■ E + B ■ B ) 



Pi= / d^ X J{C)T]2aP E X B 



[U.35) 



(14.36) 



In order to obtain eq.( |14.35D , eq. ( |14.1(i|) is used. Let consider the inertial 
energy- momentum of gravitaional field C^. Because, 



'7200 



-1, 



(14.37) 



eq. (|14.35|) gives out 



+0 ^0 



+0 ^0 



d^ X J{C){E ■ E + B ■ B 



(14.38) 
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Hi{C^) is a negative quantity. It means that the inertial energy of gravitational 
field is negative. The gravitational energy-momentum of pure gravitational 
gauge field is given by eq. (|5.51| ). In leading order approximation, it is 



ga 



After omitting surface terms, the gravitational energy of the system is 



(14.39) 



d^ X 



^V2af3iE -E +B -B)- v'^doiC^E'-^ 



[UAO) 



The gravitational energy of gravitational field (7° is. 



X {E ■ E + B ■ B +2r]''do{C^E^)) 



(14.41) 



Hg is also negative. It means that the gravitational energy of gravitational 
field C° is negative. In other words, gravitational gauge field C° has negative 
gravitational energy and negative inertial energy. But, inertial mass is not 
equivalent to gravitational mass for pure gravitational gauge field. 



6. [Repulsive Force ]The classical gravitational interactions are attractive in- 
teractions. But in gravitational gauge theory, there are repulsive interactions 
as well as attractive interactions. The gravitational force is given by eq.( p.4.3i| ). 
The first term corresponds to classical gravitational force. It is 

f. = gJ{C)T^MCS). (14.42) 

For quasi-static gravitational field, it is changed into 

/, = -gJ{C)Pgo.Ef 

(14.43) 

= gJiC)iM,Ef - Pg.Ei), 

where Mi is the gravitational mass of the mass point which is moving in 
gravitational field. Suppose that the gravitational field is generated by another 
mass point whose gravitational energy-momentum is Qg and gravitational 
mass is M2. For quasi-static gravitational field, we can get 
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Substitute eq. (|14.44|) into eg . (114.431) , we get 

/= ^(^)4f^ ^ i-Ei,E,,+ P, . 4), (14.45) 

where Eig and are gravitational energy of two mass point. From eq.( |14.45| ), 

we can see that, if Pg ■ Qg is positive, the corresponding gravitational force 
between two momentum is repulsive. This repulsive force is important for the 
stability of some celestial object. For relativistic system, all mass point moving 

at a high speed which is near the speed of light. Then the term Pg ■ Qg has 
approximately the same order of magnitude as that of EigE2g, therefore, for 
relativistic systems, the gravitational attractive force is not so strong as the 
force when all mass points are at rest. 



7. [Equivalence Principle ] Equivalence principle is one of the most important 
foundations of general relativity, but it is not a logic starting point of grav- 
itational gauge field theory. The logic starting point of gravitational gauge 
field theory is gauge principle. However, one important inevitable result of 
gauge principle is that gravitational mass is not equivalent to inertial mass. 
The origin of violation of equivalence principle is gravitational field. If there 
were no gravitational field, equivalence principle would strictly hold. But if 
gravitational field is strong, equivalence principle will be strongly violated. 
For some celestial objects which have strong gravitational field, such as quasar 
and black hole, their gravitational mass will be higher than their inertial mass. 
But on earth, the gravitational field is very weak, so the equivalence principle 
almost exactly holds. We need to test the validity of equivalence principle in 
astrophysics experiments. 



In this paper, we have discussed a completely new quantum gauge theory of 
gravity. Finally, we give a simple summary to the whole theory. 

1. In leading order approximation, the gravitational gauge field theory gives out 
classical Newton's theory of gravity. 

2. In first order approximation and for vacuum, the gravitational gauge field 
theory gives out Einstein's general theory of relativity. 

3. Gravitational gauge field theory is a renormalizable quantum theory. 

4. Combining cosmological principle with the field equation of gravitational gauge 
field, we can also set up a cosmological model with is consistent with recent 



observations 45 
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